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Abstract

Relational hypersubstitutions for algebraic systems are mappings which
map operation symbols to terms and map relation symbols to relational
terms preserving arities. The set of all relational hypersubstitutions for
algebraic systems (Relhyp(T,7’)) together with a binary operation de-
fined on this set forms a monoid. In this paper, we determine all maximal
unit-regular submonoids of this monoid of type ((2), (2)).

Introduction

In universal algebra, identities are used to classify algebras into collections
called varieties and hyperidentities are used to classify varieties into collections
called hypervarieties[9]. The tool which is used to study hyperidentities and
hypervarieties is the concept of a hypersubstitution. The notation of hypersub-
stitutions was introduced by K. Denecke et al. [2]. To recall the concept of a
hypersubstitution of type 7, we recall first the concept of an m-ary term of type
7. Let (f;)ier be a set of m;-ary operation symbols indexed by the set I where
m; € Nt : =N\ {0}. The set X := {x1,...,2,,...} is a countably infinite set
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of symbols called variables. For each m > 1, let X, := {z1,...,2,}. We call
the sequence 7 := (m;);cs of arities of f;, the type. An m-ary term of type T
is defined inductively as the following steps.

(i) Every variable x € X,, is an m-ary term of type 7.

(ii) If ¢1,...,tm, are m-ary terms of type 7 and f; is an my-ary operation
symbol, then f;(t1,...,tm,;) is an m-ary term of type 7.
Let W..(X,,) be the set of all m-ary terms of type 7 which contains 1, ..., Zm,

and is closed under finite application of (ii) and let W, (X) := {J,,cn+ Wr(Xm)
be the set of all terms of type 7.

Arity is the number of arguments or operands taken by a function or
operation and 7 = (m;);e; be a type. A hypersubstitution of type 7 is a
mapping o : {fi|i € I} — W, (X) preserving the arity. Let Hyp(r) be
the set of all hypersubstitutions of type 7. To define a binary operation
on this set, we define inductively the concept of a superposition of terms
S W (Xo) X (Wr(X5))™ — Wi (X,,) by the following steps.

(i) It =z for 1 < k < m, then S (zk, $1,...,5m) = Sk.

(ll) Ift = fi(th' .. 7tmi>7 then
Sty 81y vy Sm) i= Fi(SI(t1, 815y Sm)s- v s Om (Emys S15- -5 Sm))-

For every o € Hyp(7), we define a mapping ¢ : W, (X,,) = W, (X,,) as follows:
(i) olzk] == xr € X,

(i1) o[fi(tr .. tm,)] = Si(o(fi),0[t1]s- -, O[tm,]), for any m;-ary operation
symbol f; and o[t;] are already defined for all 1 < j < m;.

Further, a binary operation o, on the set Hyp(7) is defined by o0 o, a« = 50 a,
where o denotes the usual composition of mappings. Then one can prove that
(Hyp(T),0n,0:4) is a monoid, where o;4(f;) = fi(x1,22, ..., Tm,) is the identity
element, for more detail, see [2].

In 1973, Mal’cev[5] introduced the concept of algebraic systems as follow.

Definition 1. [5] Let I and J be indexed sets. An algebraic system of type
(r,7') is a triple (A, (fM)ier, (’yf)jeJ) consisting of a nonempty set A, a se-
quence (f{);er of operations defined on A and a sequence (7]‘»4) jeg of relations
on A, where 7 = (m;);er is a sequence of the arity of each operation f/ and
= (nj)jes is a sequence of the arity of each relation 'y;»“. The pair (7, ’7'/) is
called the type of an algebraic system.

In 2008, K. Denecke and D. Phusanga introduced the concept of a hyper-
substitution for algebraic systems which is a mapping that assigns an operation
symbol to a term and assigns a relation symbol to a formula which preserve



P. KUNAMA AND S. LEERATANAVALEE 121

the arity. The set of all hypersubstitutions for algebraic systems of type (7, 7'/)
is denoted by Hyp(r,7 ). They defined an associative operation oy, on this set
and proved that (Hyp(r, 7-/), op, 0iq) forms a monoid where o4 is an identity
hypersubstitution for algebraic systems, see more detail [3, 6, 8].

The monoid of relational hypersubstitutions for
algebraic systems

Any relational hypersubstitution for algebraic systems is a mapping that
assigns an operation symbol to a term and assigns a relation symbol to a
relational term which preseves the arity.

Definition 2. [6] An n—ary quantifier free formular of type (7, T/) is defined
as follow. Let j be an indexed set. If j € J and t1,ta, ..., t,; are n—ary terms of
type 7 and v, is an nj—ary relation symbol, then v;(t1,t2,...,t,,) is an n—ary
relational term of type (7,7 ).

Let WF(T,T')(Xn) be the set of all n—ary relational term of type (, 7'/) and
let VE(; )(X) := UnenVF|; ;71 (Xn) be the set of all relational terms of type
(r 7).

A relational hypersubstitution for algebraic systems of type (7, ’7',) is a map-
ping

o {fil i€ IYU{ylje T} =W (X)UyFr7)(X)

with o(f;) € Wr(Xy,) and o(v;) € vF, ,/)(Xn;). The set of all relational hy-

persubstitutions for algebraic systems of type (7, ’7'/) is denoted by Relhyp(r, 7 ).
To defined a binary operation on this set, we give the concept of superposi-
tion of relational terms. A superposition of relational terms R} : (W.(X) U
VE G (Xm)) x (W (X5))™ = Wr(X)UNE, 1) (Xn) is defined by the follow-
ing steps, for ¢,t1,...,tm;, € Wr(Xm), $1,.-+,8m € Wi (X,),

(i) R (t, 81, y8m) = S0(t, 81, Sm),
(i) Ry (F,s1,--58m) =7 (S (1,81, 5 8m)s oo, STty 815+ 8m))-

Every relational hypersubstitution for algebraic systems o can be extended
to a mapping 7 : Wr(X) U~vF, ) (X) = Wr(X) U~F(, ,(X) defined by the
following steps.

7")

(i) la;] == z; € X,

(i) Glfi(tr- .. tm,)] = SR (o (fi), Olta], - -, Otm,]),
wherei € I and ty,...,t,, € W.(X,,), i.e., any occurrence of the variable
xy in o(f;) is replaced by the term a[t;], 1 < k < m;,
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(iii) G[v;(s1.--,8n,)] := R’ (0(7;),[s1],...,0sn,]), where j € J and s1,. .., sp,
€ W.(X,,), i.e., any occurrence of the variable x4, in o(v;) is replaced by
the term os], 1 <k < n;.

They defined a binary operation o, on Relhyp(r, ’7") by oo, a := 6o «; for
all «,0 € Relhyp(r, ") where ”0” is the usual composition of mappings and
o,a € Relhyp(r, T/). Let ;4 be the relational hypersubstitution which maps
each m;-ary operation symbol f; to the term f;(z1,...,%m,,) and maps each
nj—ary relation symbol v; to the relational term ~y;(z1,...,2,,). D. Phusanga
and J. Koppitz [6] proved that (Relhyp(r, ’7"), op, 0;4) 18 & monoid.

In 2015, W. Wongpinit and S. Leeratanavalee [?] introduced the concept of
the ¢ — most of terms.

Definition 3. For a type 7 = (m) with an m-ary operation symbol f, t €
Wiy (X) and 1 <4 < m. Ani—most(t) is defined inductively by the following
steps.

(i) If ¢ is a variable, then ¢ — most(t) = t.

(ii) If t = f(t1,...,tn) where ty,...,t, € Wy (X), then i — most(t) =
i — most(t;).

Example 1. Let 7 = (3) be a type, t = f(x2, f(x3, 21, x2), f(x2,21,23)). Then
1—most(t) = x2, 2—most(t) = 2—most(f(x3, x1,22)) = 21 and 3—most(t) =
3 — most(f(z2,1,23)) = x3.

Main Results

Let (7,7 ) = ((m), (n)) be a type with an m—ary operation symbol f, an n—ary
relation symbol 7, t € Wi,y (Xy,) and F € vF((m),(n))(Xn), we denote

o, p:= the relational hypersubstitution for algebraic systems of type ((m), (n))
with maps f to the term ¢ € W,,)(X;,) and maps v to the relational term
F € vFi(m),(n))(Xn),

var(t):= the set of all variables occurring in the term ¢,

var(F):= the set of all variables occurring in the relational term F,

le ftmost(t):= the first variable (from the left) occurring in the term ¢,

rightmost(t):= the last variable (from the left) occurring in the term ¢,

leftmost(F'):= the first variable (from the left) occurring in the relational
term F,

rightmost(F):= the last variable (from the left) occurring in the relational
term I
Let o, r € Relhyp((m), (n)), we denote

Ry :={ovr|t=2; € Xppand F = (51, ..., $p) withvar(F) = {zp,, ..., v, }
C X, such that i—most(sb;) = ay, for all k = 1, ..., and some distinct by, ..., b;
€ {l,..,n} where i € {1,...,m}};



P. KUNAMA AND S. LEERATANAVALEE 123

Ry == {owr | t = f(t1,...,tm) and F = 7(s1,...,8,) with var(t) =

{zalv"'v'xak}
and var(F) = {xp,, ...,z } such that t,; = z,, and sy, = ap,forall i =

1,...,k,7=1,...,1 for some distincta/17 ...,a;c € {1,...,m} and for some distinct
by, by € {1,...,n}}.

In [4], the authors showed that R’y U Rr is the set of all unit-regular ele-
ments in Relhyp((m), (n)).

All Maximal Unit-Regular Submonoids of Relhyp((2),(2))

Let (7,7) = ((2),(2)) be a type with a biary operation symbol f, a bi-
nary relation symbol v, t € W5y (X2) and F' € vF((2),2))(X2). Let oy p €
Relhyp((2),(2)), we denote

Ry :=={oyr |t =x; € Xoand F = v(s1, s2) with var(F) C X5 such that i—
most(sb;) = ay, for all i,k = 1,2 and some distinct b),by € {1,2}};

Ry :={oyp |t = f(t1,t2) and F' = y(s1, s2) with var(t) C X, and var(F) C
X such that t,; = x4, and Sp, = T, for all 4,7 = 1,2 for some distinct a/l, a/2 €
{1,2} and for some distinct b;, by € {1,2}}.

It is easily to see that R'y, Ry are pairwise disjoint but R’y, Ry need not
be submonoids of Relhyp((2),(2)) as the following example.

Example 2. Let oy p, 0, m € Ry such that t = x1, F = v(f(x2,22), f(21,71))
and u = xo, H = v(f(x1,22), f(z2,21)). Consider

(0t,F or oum)(f) = Oy p[22] = 22,
and
(04, 0r 0u,i)(V) = R3(F, Gy, p[h1), 0s,,plha]) = R3(F, 21, 22)
=v(f(x2,22), f(z1,22)).
So ot p or oy & Ry.
Example 3. Let oy p, 045 € Ry such thatt = f(f(x1,21),21), F = v(f (22, 22), x2)
and u = f(f(x2,22),22), H = y(x1, f(21,21)). Consider
(01,7 o 0u)(f) = S5(t, 51, p[w1], 01 pla2])

= S3(t, f(f(2,22), x2), 22)

= f(F(f(f (22, 22), 22), [(f (22, 22), 22)), f(f (22, 2), 22)).
So o5 or oy ¢ Rr.

Next, let o p € Relhyp((2), (2)), we denote
Rl = {owr |t = 2; € X5, F = 7(s1, 52) where var(F) C X, such that i —
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most(sb;) = ay, for all i,k = 1,2 and some distinct b),by € {1,2}};

Ry ={owr |t = 2; € Xo, F = (51, 52) where var(F') = {x1, 22} such that i—
most(sb;) = 1y, for all i,k = 1,2 and some distinct by, by € {1,2} with if i =
1, then rightmost(sy) # rightmost(ss), if i = 2, then leftmost(s1) # leftmost(ss)};

Rl :={oyr |t = x; € X2, F = (51, 52) where |var(F)| = 1};

Ry, = {onr |t = f(z1,22), F = v(s1, s2) where var(F) C X, such that Sp, =
xp, for all j = 1,2 and for some distinct by, by € {1,2}};

Ry, :={owr |t = f(z2,21), F = v(s1, s2) where var(F) C X, such that Sp; =
xp, for all j = 1,2 and for some distinct by, by € {1,2}};

Ry, = {owr | t = f(z1,t2), F = v(x1, s2) where |var(t)| = 1 and var(F) C
X5 such that s, =z, for all j = 1,2 and for some distinct by, by € {1,2}};

Ry, :={owr |t = f(t1,22), F = 7v(s1,x2) where |var(t)| =1 and var(F') C
X such that s, =z, for all j = 1,2 and for some distinct by, by € {1,2}};

Ry, :={owr |t = f(t1,21), F = 7v(s1, 1) where |var(t)| = 1 and var(F') C
X5 such that Sy, = Tb, for all j = 1,2 and for some distinct b,l, b/2 e{1,2}};

Ry, :={owr | t = f(x2,t2), F = v(x2, s2) where |var(t)| = 1 and var(F') C
X3 such that s, = 2, for all j = 1,2 and for some distinct by, by € {1,2}}.

It is easily to see that Rr, for ¢ € {1,...,6} are pairwise disjoint but Rr,
need not be a submonoid of Relhyp((2),(2)) as the following example.

Example 4. Let oy 5,045 € Ry such thatt = f(f(x1,21),21), F = v(z1, f(x1,21))
and u = f(f(x1,21),21), H = v(f(x2,22),22). Then
(Ut,F Op Uu,H)(f) = S% 7at,F[U1]7at,F[$2D

= S; 7f f(zlaxl)’xl)vxl)

= f(f(f(f($1,$1)7$1),f(f(l'l,Il),l‘l)),f(f(l‘l,xl),xl)), and

(t
(t

R3(F, G p[h1], 01,7 [ha])

%( f(f(z2,22), 22), T2)
v(f

(f(f(w2,m2),22), f(f(22,22),2)), f(f(22,72), 72)).

So oy poroun ¢ Rry. If F,H are another case, we can show similar to the
previous solution.

(Ut7F Op Uu,H)( )

By Example 4., we get that Rr,, Ry, are not closed into itself. Next, let
o, r € Relhyp((2), (2)), we denote
Ry, = {owr | t = f(t1,t2), F' = y(s1,82) where t; = x;,8; = x50 =
1,2 or t;,s; € Xa such that |var(t)] = 1 and var(t) = var(F)};
T, = {our | t= f(x2,21), F = y(22,71) }
Ry, = {ovr | t = f(z1,t2), F' = (21, 52) where |var(t)| = 1, jvar(F)| =
1 such that t3, 50 € Wia)(X2)\X2};
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Ry, = A{owr | t = f(t1,22), F' = 7(s1,22) where |var(t)| = 1, |var(F)| =
1 such that tl,Sl S W(g) (XQ)\XQ}

We denote (MUR;) := R); UR'UR}, UR}, , (MUR) := R, UR}'UR}, U
R/T37 (MUR3) := R, UR" URj, U R’T3, (MURy) := R, UR]" URY, U R,
and (MURs) := R, UR" URy, URY,.
Proposition 1. R} U R} U R} is a submonoid of Relhyp((2), (2)).
Proof. We show that R} U RJ" U R}, is closed under o,

Case 1: o1 r € R . Then t = r; € Xo,F = 7(31,52) where var(F) =
{z1, z2} such that ifmost(sbk) = ay, for all i,k = 1,2 and some distinct by, by €
{1,2} with if i = 1, then rightmost(s1) # rightmost(ss), if i = 2, then le ftmost(s;)

# leftmost(sa).
Case 1.1: 0,z € R},. Consider

(01,7 o 0u,u)(f) = 0¢,pla;) = 25, and

(01,1 or 0u,i) (1) = R3(F, G, p[h1], G, 1 [h2])
= ~v(S2(s1,7 — most(hy),i — most(hz)),
S2(sq,i —most(hy),i — most(hy)))
= 7(s},s5) where var(y(s}, s5)) = {x;,,xi,} such that
i— most(sé;) =m0k =1,2.

Case 1.2: 0,z € R!. Then u = x; € Xo, H = y(hy, ho) where |var(H)| =
1. Consider

(0,7 o 0u,u)(f) = 0t pla;) = 5, and

(01, or 0u,m) () = B3 (F, G0, p[h1], G, p[h2])
= (53 (s1,i — most(hy),i — most(ha)),
S3(s9,i —most(hy),i — most(hz)))
= 7(s],s5) where |var(y(s},sh))| = 1.
Case 1.3: oy g € R}.. Then u = f(u1,u2), H = y(h1,hs) where u;, h; €
X such that |var(u)| = 1 and var(u) = var(H). Consider

(ot,F or 0w m)(f) = Ou, r[f(ur,u2)] = z;, and

(01,7 or 0ui)(7) = B3(F, o, 2], Go, p[2;])
52

(51, 85) where var(y(s1,55)) = {z;};5 = 1,2.
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Case 2: o1 p € R]!. Then t = x; € X, F' = 7(s1, s2) where |var(F)| = 1.

Case 2.1: oy g € R,. Then u = x; € Xy, H = y(h1, h2) where var(H) =
{z1,z2} such that ifmost(hb;) = a3, for alli,k = 1,2 and some distinct b;,by €
{1,2} with if i = 1, then rightmost(hy) # rightmost(hs), if i = 2, then leftmost(hy)
# leftmost(hy). Consider

(o1,F or 0u,u)(f) = 0 pla;] = x;, and

(00,6 0r Gutt) () = FA(E, 5, plIn), G ha])
= v(S2(s1,i — most(hy),i — most(hs)),
S2(s2,i — most(hy),i —most(hs)))
=(s1,83) where [var(y(s},s3))| = 1.

Case 2.2: 0,z € R}. Consider

(ot,F or 0uu)(f) = Or,rl2;] = x;, and

(01, o 0u,1)(7) = R3(F, Gy, r[ln], 52, 1 [h2])
= (53 (s1,i — most(hy),i — most(hs)),
S2(s9,1 — most(hy),i — most(hs)))
=(s1,83) where [var(y(s},s3))| = 1.

Case 2.3: oy, g € Ry,. Then u = flur,ug), H = ~(h1, he) where u;, h; €
X3 such that |var(u)| =1 and var(u) = var(H). Consider

(04,7 o Oum)(f) = O, p[f(ur,u2)] = 25, and

(0.7 or 0u,)(7) = R3(F, o, 2], Go, p[2;])

v(s), ’2) Where var(y(sh, sb)) = {z;};5 =1,2.

Case 3: oyr € R},. Then t = f(t1,t2), F = 7(s1,s2) where t;,5; €
X5 such that
lvar(t)| = 1 and var(t) = var(F).

Case 3.1: oy g € R). Then u = x; € Xo, H = y(hy, ha) where var(H) =
{1, 22} such that i— most(h ) = 1y, for alli,k = 1,2 and some distinct b}, by €
{1,2} withif7 = 1, then mghtmost(hl) # rightmost(hs), if i = 2, then le ftmost(hq)
# leftmost(hz). Conmder

(0,7 o 0u, i) (f) = O¢,pla;) = 25, and



P. KUNAMA AND S. LEERATANAVALEE 127

R3(F, G p[h1], 1, p[ha])

V(83 (51, 6,1 [M], 51, r[ha)), S3(s2,5¢,r[In], Gr, #[ha]))
v(s,s5) where |var(y(s], s5))| = 1.

(Ut,F Or Uu,H)('Y)

Case 3.2: oy, € R!. Then u = x; € Xo, H = y(hy, ha) where |var(H)| =
1. Consider

(ot,F or 0u,um)(f) = Or,rl2i) = x;, and

R3(F,G1,p[h],Gr,p[h2])

V(S3(51,0¢,r (M), 51, r[ha]), 53 (52,51, 7 (1], G, [ha)))
v(s, s5) where |var(y(s], s5))| = 1.

(Ut,F O Gu,H)('Y)

Case 3.3: oyg € Ry,. Then u = fluy,ug), H = ~(h1, he) where u;, h; €
X3 such that |var(u)| =1 and var(u) = var(H). Consider

(0t,F or 0w i) (f) = 04 p[f(u1, uz)]
= f(t},t5) where var(y(t},t5)) = {z;};7 = 1,2, and

(04,7 or 0u,m)(7) = R3(F, 01 rlx;], 01, p[2])
2

(51, 85) where var(y(s}, 55)) = {a;};j = 1,2.

Then Ot,F Or Oy HyOu,H Or Ot F € Rg1 U R;{Z U R;—vl and Rgl U R;/: U R;—; is a
submonoid of Relhyp((2),(2)). O

Proposition 2. R U R} U R} and R,, U R} U R}, are submonoids of
Relhyp((2), (2)).

Proof. We show that R), U R}’ U R, is closed under o,.

Case 1: oy r € R, . Thent = x1, F' = 7(s1, 52) where var(F) C X, such that i—
most(sb ) = xp, for all i,k = 1,2 and some distinct by, by € {1,2}.

Case 11: o1 € R . Consider

(01,7 o 0u,m)(f) = 0¢,plx1] = 21, and

(01,7 0r 0w m)(y) = 1. p[y(ha, h2)].
(1) If Jvar(F)| =1, lvar(H)| = 1, then

6'\t,F[ (hlth)} R%(F Oz ,F [ } le,F[hQ])
= (s}, sh) where |var(y(s},s5))| = 1.
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(2) If lvar(F)| =1, |lvar(H)| = 2, then

1. r[y(h1, h2)] = R3(F,0x, p[h1], 0uy . p[ha])
= (s, 55) where [var(y(s, s5))| = 1.
(3) If lvar(F)| = 2, |lvar(H)| = 1, then
Gt r[v(h1, he)] = R3(F, G0, p[h1], 0ay, r[ha))
= (s}, s5) where |var(y(s},s5))| = 1.
(4) If |var(F)| =2, |var(H)| = 2, then
1. r[(h1, he)] = R3(F,Gx, p[h1], 0sy p[ha))
= 7(5/1a 8/2) where var(’)/(s/la 8/2)) = {xbw'xbz}

such that 1 —most(sy, ) = ay, for all i,k =1,2.

Case 1.2: oy iy € Rl!. Then u = x; € Xp, H = ~y(hy, hy) where |var(H)| =
1. Consider

(Ut,F Op Uu,H)(f) = 3t,F[fEi] = x;, and

(01,7 0 0w 1) (v) = R5(F,Gu, p[h1], 0u, plha)
= ~v(S3(s1,7 — most(hy),i — most(hz)),
S2(s9,i —most(hy),i — most(hy)))
= 7(s},s5) where |var(y(s},sh))| = 1.

Case 1.3: oy,g € Ry,. Then u = flur,ug), H = ~(h1, he) where u;, h; €
X3 such that |var(u)| =1 and var(u) = var(H). Consider

(Ut,F Op Gu,H)(f) = CATx,-,F[f(Ul’Uz)] = Ty, and

(0t.F or 0u,m)(7) = R3(F,Gu, pl2;], Go, pl2;])

(st ’2) where var(y(sy, s5)) = {x;};5 = 1,2,

Case 2: 0y € R)'. Then t = x; € Xo, F = (51, 52) where |var(F)| = 1.

Case 2.1: oy g € R, . Then u = z1,H = ~v(hi,hs) where var(H) C
X5 such that

i— most(hb;) = 3, for all i,k = 1,2 and some distinct by,b, € {1,2}. Con-
sider '

(01,7 o 0w, i) (f) = 0t pl1] = z1, and
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(04,7 or 0w, 1) (7) = R3(F, Gy, p[hi], 0a, p[ha))
= (53 (s1,i — most(hy),i — most(hy)),
S2(s2,1 — most(hy),i — most(hs)))
= v(s],s5) where |var(y(s},sh))| = 1.

Case 2.2: 0,z € R]'. The proof is similar to case 2.2 of Proposition 1.
Case 2.3: 0,1 € R,. The proof is similar to case 2.3 of Proposition 1.
Case 3: opp € R};. Then t = f(t1,t2), F = ~(s1,82) where ¢;,s;, €
X5 such that '
lvar(t)] = 1 and var(t) = var(F).
Case 3.1: o,y € R, . Then u = x1,H = 7(hy,hy) where var(H) C
X5 such that
i— most(hb/k) = xp, for all i,k = 1,2 and some distinct by,b, € {1,2}. Con-
sider

(01,7 or 0u.u)(f) = 0¢,pl1] = 21, and

R3(F,G1,p[h],Gr,r[h2])

V(S3(51,5¢,r (M), 51, p[ha]), 53 (52,51, # (1], G, [ha]))
v(s,s5) where |[var(y(s], s5))| = 1.

(Ut,F Op Gu,H)('Y)

Case 3.2: 0,,n € R}!. The proof is similar to case 3.2 of Proposition 1.

Case 3.3: o, € RT,. The proof is similar to case 3.3 of Proposition 1.

Therefore o f o, 0w 1, 0um 0r 0t F € R, UR)URY,. For R}, UR)"URT,
the proof is similar to the previous proof. O

Theorem 1. (MURy) is a unit-reqular submonoid of Relhyp((2),(2)).

Proof. We get that every element in (MUR;) is unit-regular. Next we show
that (MUR,) = R, U R}’ U R}, U R7, is closed under o,.. By Proposition 1,
we have R} U R}’ U R, is a submonoid of Relhyp((2),(2)). So we consider
some cases in (MUR1). Let oy p, 005 € (MURy).

Case 1: oyp € (MURy) and oy g € Rp,. Then u = f(zg,21),H =
v(xa, 21).

Case 1.1: oy € R].. Then t = z; € X, F' = 7(s1,52) where var(F) =
{z1,z2} such that ifmost(sb;) = xy, for alli,k = 1,2 and some distinct by, by €
{1,2} with if i = 1, then rightmost(sy) # rightmost(ss), if i = 2, then le ftmost(s;)
# leftmost(s2). Consider

xg if i=1

vy if =2 o ond

(01,7 0 Oum)(f) = Ou,,rf(22,21)] = {
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(01,7 07 0w, 1) (v) = R3(F, s, rlra], 0, pla1])
= 7(53(817$271’.1)7SS(827£E27$1))
= 7(s},s5) where var(y(s}, s5)) = {xi,,7i,} such that
i— most(sé;ﬂ) =m0 k=1,2.
Case 1.2: 0y € R)'. Then t = x; € X5, F = 7(s1,52) where |var(F)| = 1.
Consider
zo if 1=1

vy if i—go > and

(O1r 0r Gui)(F) = G pl (2, 1)] = {

(o1,F or 0w ) (y) = R%(F, Exi,F[hl]vazi,F[hﬂ)
S3(s1,22,21), S3(s2, T2, 1))

/

7(
= (s}, sh) where |var(y(s},s5))| = 1.

Case 1.3: oy ¢ € Ry,. Then t = f(t1,t2), F = ~(s1,52) where t;,5; €
X5 such that
lvar(t)] = 1 and var(t) = var(F). Consider

(01,7 or 0u)(f) = S3(t, 51 pla2], 01 pla1])

= f(t1,t5) where var(f(t1,£5)) = {z;};5 = 1,2, and

(Ut,F Or OU,H)( ) R%( at,F[$2],3t7F[x1])
v(sh,s5) where var(y(si, sh)) ={z;};i=1,2.

Case 2: o p € R,. Then t = f(xg,21), F = (w2, 21).

Case 2.1: oy, g € R. Then u = x; € Xy, H = y(hy, h2) where var(H) =
{z1, z2} such that ifmost(hb;c) = a3, for alli,k = 1,2 and some distinct b;,by €
{1,2} with if i = 1, then rightmost(hy) # rightmost(hs), if i = 2, then leftmost(hy)
# leftmost(hy). Consider

(0,7 o 0u,m)(f) = 0t pla;) = 2;, and
(01,7 or 0u)(7) = R3(F, 51,7 [h1], 04,7 [ha])

= 7(s},s5) where var(y(s, s5)) = {x;,, vi,} such that

i— most(sgk) =m0 k=1,2.

Case 2.2: oy .y € Rl!. Then u = x; € Xo, H = y(hy, hy) where |var(H)| =
1. Consider

(0,7 o 0u, i) (f) = O¢,pla;) = 25, and
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(04, or 0u,i)(7) = R3(F, G4 p[h1], 54, [ha])
v(s1,85) where [var(y(s},s5))| = 1.

Case 2.3: oy g € R,. Then u = f(uy,u2), H = v(hy1, ha) where u;, h; €
X> such that |var(u)| =1 and var(u) = var(H). Consider

(Ut,F Op Uu,H)(f) = Sg(tagt,F[ul],/U\t,F[Uﬂ)
= (1, t5) where var(y(t,t5)) = {z;};j = 1,2, and

(0,7 or 0u,1m)(7) = R3(F,Gr,r[h], G4 p[ho])

~(sy,85) where var(y(s],s5)) = {z;};5=1,2.

Case 2.4: 0, i € R7,,. Consider

(ot,p or oum)(f) = S%(t, o, r[r2], 0, r[T1])
= f(x1,z2), and

(04,7 or 0u,m) () = R3(F, 0t rlx2], 01 r[x1])
= 7($17$2)‘

Therefore (MURy) is a unit-regular submonoid of Relhyp((2), (2)). O
Theorem 2. (MUR3), (MUR3) are unit-reqular submonoids of Relhyp((2), (2)).

Proof. We get that every element in (MU R5) is unit-regular. Next we show
that (MURy) = R, U R}! U R}, U R, is closed under o,.. By Proposition 2,
we have R U R}’ U RJ, is a submonoid of Relhyp((2),(2)). So we consider
some cases in (MUR3). Let oy p, 041 € (MURy).

Case 1: oyp € (MUR3) and o, g € R’TS. Then v = f(z1,u2),H =
y(z1, ha)
where [var(u)| = 1, [var(H)| = 1 such that us, hy € Wia)(X2)\Xo.

Case 1.1: oyr € R, . Then t = x,F = ~(s1,52) where var(F) C
X5 such that
1-— most(sb;) = ay, for all i,k = 1,2 and some distinct b}, by € {1,2}. Con-
sider

(01,7 o 0w m)(f) = 0y F[f(21,u2)] = 71, and

(01,7 o Oum)(7) = R3(F, Gy, Flz1], oy plha])
!
89

(s}, s5) where var(y(s, s5)) = {1}
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Case 1.2: o4 € R. Then t = x; € Xo, F = (51, 52) where |[var(F)| = 1.
Consider

(ULF Or Uu,H)(f) = 3wi7F[f(3317U2)] =z, and

(01,7 or 0w, i) (7) = R5(F, 0, pl21], 0, [ho))
(15 '2) where var(y(sy, s3)) = {w1}.
Case 1.3: oy r € R}, Then t = f(ti,t2), F = ~(s1,52) where t;,s; €

X5 such that
|var(t)] = 1 and var(t) = var(F). Consider

(01,7 or oum)(f) = S5(t, 01 pla1], 01 plusz])
= f(t},t5) where var(f(t},t5)) = {z1}, and

(0t,F or 0u,m)(7) = R3(F, 0t rla1], 01,1 [ha])

= (s}, 5’2) where var(y(s}, s5)) = {x1}.

Case 2: oy r € Rp,,. Then t = f(x1,t2), F' = (z1,52) where |var(t)| =
1, |var(F)| = 1 such that ty,s0 € Wo)(X. )\X2

Case 2.1: o,y € R, . Then u = x1,H = 7(hy,hy) where var(H) C
X5 such that
1- most(hb;) =y, for all 4,k = 1,2 and some distinct b),b, € {1,2}. Con-
sider

(01,7 o 0u,m)(f) = 0t plx1] = z1, and

(01,7 or oum)(7) = 01, r[v(h1, ha)].
(1) If |var(H)| = 1, then

1,7 [v(h1, ha)] = R3(F, G p[h1],Gr, rlha))
7(s,55) where foar(y(s}, 55))] = 1.

(2) If |var(H)| = 2, then

&t,r[v(h1, ha)] = R3(F. G r[ha], 5t p[he])
= (s}, s4) where var(y(s}, sy)) = {zi,, i, } such that

i —most(sy ) = wi,;i,k =1,2.

Case 2.2: oy € R]!. Then u = x; € Xo, H = y(hy, ho) where |var(H)| =
1. Consider

(01,7 or 0u,u)(f) = Or,rl2i) = x;, and



P. KUNAMA AND S. LEERATANAVALEE 133

(04,7 or 0u,m)(7) = R3(F, 0t rh1], 0t r[h2])
2

v(s1,s5) where var(y(si, sh)) ={z;};7=1,2.

Case 2.3: o,y € R} Then u = f(u1,uz), H = y(h1, ha) where u;, h; €
X such that |var(u)| = 1 and var(u) = var(H). Consider
(04,7 O 0u,m)(f) = S5(t, 54, r[w1], 54, r [us])
— F(th,t5) where var(f(t), 1)) = {z;}:j = 1,2, and

(04,7 o 0u1)(7) = R3(F,G¢,7[h1], 51, [ ha))
= (s}, s5) where var(y(s,sy)) = {z;};j =1,2.

Case 2.4: 0, i € Rp,. Then u = f(z1,u2), H = (1, ha) where [var(u)| =
1, |var(H)| = 1 such that ugz, hy € W2y (X2)\X2. Consider

(ot,For ouwm)(f) = S%(taat,F[xl]aat,F[uﬂ)
= f(x1,t5) where var(f(z1,t5)) = {z1}, and

(01,7 o 0u,)(7) = R3(F, Gy, pla1], 54, p[ha])
= v(z1,55) where var(y(z1,s5)) = {x1}.

Therefore (MUR3) is a unit-regular submonoid of Relhyp((2),(2)). For
(MUR3) is a unit-regular submonoid of Relhyp((2),(2)), the proof is similar
to the previous proof. O

Theorem 3. (MURy), (MUR5) are unit-reqular submonoids of Relhyp((2), (2)).

Proof. (MURy), (MU R3) are unit-regular submonoids of Relhyp((2),(2)), the
proof is similar to the Theorem 2. proof. O

Theorem 4. (MURy) is a mazimal unit-regular submonoid of Relhyp((2), (2)).

Proof. Let K be a proper unit-regular submonoid of Relhyp((2), (2)) such that
(MUR;) C K C Relhyp((2),(2)). Let oy p € K, then o, g is unit-regular.

Case 1: 0y p € R, \R] UR]’. Thent = z; € Xy, F' = 7(s1, s2) where var(F') =
{z1,z2} such that ifmost(sb;) = 1y, for all i,k = 1,2 and some distinct by, by €
{1,2} with if i = 1, then rightmost(s1) = rightmost(ss), if i = 2, then le ftmost(s;)
= leftmost(s2).

Case 1.1: i = 1. Choose 0, i € R,. Thenu = 3, H = v(h1, ho) where var(H)
= {1, z2} such that Qfmost(hb;‘) = a3, for alli,k = 1,2 and some distinct b}, b,
€ {1,2} with leftmost(h1) # leftmost(hs). Consider

(01,7 o 0w, i) (f) = Ot plx2] = T2, and
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(01,7 o 0w ) (7) = R3(F,1 —most(hy), 1 —most(hs))
= 7(s},s5) where var(y(s}, sy)) = {xi,, ®i,} such that
rightmost(s}) = rightmost(s}).
SO Ou,H ©r Ot,F ¢ RIX
Case 1.2: i = 2. Choose 0,y € R},. Thenu = x1, H = v(h1, ha) where var(H)
= {x1,x2} such that l—most(hb;) = a3, for all i,k = 1,2 and some distinct b), by
€ {1, 2} with rightmost(hy) # rightmost(hs). Consider

(01,7 or 0w, 1) (f) = 0t plx1] = z1, and

(ot,F or 0u,m)(Y) = R%(F,2 — most(hy),2 — most(hs))
= (s},85) where var(y(sy,s5)) = {x;,,x;, } such that
leftmost(s)) = leftmost(sh).

/
So oy, 1 or o p ¢ Rx.

Case 2: o p € Rp\R}, URT,.

Case 2.1: oy r € Rp,,. Then t = f(w1,t2), F = (w1, 52) where |var(t)] =
1, [var(F)| = 1 such that t,s2 € W) (X2)\X2. Choose oy € R, then
u= f(xo,21), H=(x2,21). Consider

(01,7 0 Ou,)(f) = S5(t,5¢,p[22], 01 p[21])
= f(x2,t5) where var(f(za,t5)) = {x2}, and

(01, or 0u,1)(7) = R3(F, 5y r[22], ¢, p[21])
= y(wa,s,) where var(y(xs,sy)) = {x2}.
So 0 F or 0y g € Re and is not closed into itself.
Case 2.2: oy € Ry, . Then t = f(t1,22), F = 7(s1,12) where |var(t)| =
L, [var(F)| = 1 such that t;,s1 € W2)(X2)\X2. Choose o,z € Rp,. Then
u= f(xo,21), H=7(x2,21). Consider

(01,7 or 0u,i)(f) = S3(t, 01, r[22], 04 p[21])

= f(t},z1) where var(f(t},z1)) = {z1}, and

R3(F, 51 plxa], 01 plx1])

7(s1,21) where var(y(s}, z1)) = {z1}.

(ot,F or Oum)(7)

So ot F oy 0y, g € Rs and is not closed into itself.
Thus oy p € (MUR;). Therefore K C (MUR;) and thus K = (MUR;). O
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Theorem 5. (MURy), (MU R3) are mazimal unit-reqular submonoids of Relhyp((2), (2)).

Proof. Let K be a proper unit-regular submonoid of Relhyp((2), (2)) such that
(MUR2) C K C Relhyp((2),(2)). Let 0y p € K. Then oy r is unit-regular.
Case 1: o r € R, \R,, UR]!. Then t = x5, F' = (51, 52) where var(F') =
{1, 22} such that 2—most(sb;) = ay, for all i,k = 1,2 and some distinct b, by.
Case 1.1: If lefmost(s1) = leftmost(ss). Choose o, n € R, . Then
u = x1, H = y(h1, h2) where var(H) = {x1,z2} such that 1 — most(hb;c) =
ap, for all 4,k
= 1,2 and some distinct by, by € {1,2} with rightmost(hy) # rightmost(hs).
Consider

(01,7 or 0u.u)(f) = 0¢,pl1] = 21, and

(0.7 or 0um)(7) = R3(F,2 — most(hy),2 — most(hs))
= (s}, s4) where var(y(s}, s5)) = {xi,,®i,} such that
leftmost(s)) = leftmost(sh).
So Ouw,H ©r Ot,F ¢ RIX
Case 1.2: If lefmost(s1) # leftmost(sz). Choose o, n € R, . Then
u = x1, H = y(h1, h2) where var(H) = {21,229} such that 1 — most(hb;c) =
ay, for all 4,k
= 1,2 and some distinct by,b, € {1,2} with rightmost(h1) = rightmost(hs).
Consider

(0w, i or 04, F)(f) = Ou,m[z2] = T2, and
(ou,z or o, F)(Y) = R2(H,1 — most(sy),1 — most(s3))

= v(hy, h}) where var(y(hy, hb)) = {xi,,z;,} such that
rightmost(h}) = rightmost(h).

So oy, m or o p ¢ Rx.
Case 2: oy 5 € RT\R’TlLJR’R. Choose 0y, ;7 € R’T3. Thenu = f(z1,u2), H =

y(x1, he) where |var(u)| = 1, |var(H)| = 1 such that u, ho € W2y (X2)\ Xo.
Case 2.1: 04 € Ry,. Then t = f(xg,21), F = 7(x2,71). Consider

(UU,H Or O—t,F)(f) = S% (’LL, a\—11‘,1-1[‘,1’.2]7 6\'u,H[xl])

= f(x2,ub) where var(f(za,uh)) = {z2}, and

(0w, or 00,0) (V) = R3(H, Gu (2], Gu,m[21])

= 7y(xa, hb) where var(y(zs, hy)) = {xa}.
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So 0y, o 0t € Re and is not closed into itself.
Case 2.2: oy € Ry,. Then t = f(t1,22), F = v(s1,12) where |var(t)| =
1, |var(F)| = 1 such that t1,s1 € W3)(X2)\X2. Consider

(0w, 0 00,1)(f) = S3(w, G, [t1], Fu, mr[22])
= f(u},uy) where u; € W5)(X2)\ X2, and

(Uu,H Op Jt,F)(’Y) = R%(Hv au,H[Sl]v a\—u,H["E2D
= ")/(hll, h/2) where h; S W(g) (XQ)\XQ

S0 0y, i oy 01 F is not unit-regular.

Thus oy p € (MURz). Therefore K C (MUR3) and thus K = (MURy).
For (MU R3) is a maximal unit-regular submonoid of Relhyp((2), (2)), the proof
is similar to the previous proof. ([

Theorem 6. (MURy), (MURs5) are maximal unit-reqular submonoids of Relhyp((2), (2)).

Proof. (MURy), (MU R5) are maximal unit-regular submonoids of Relhyp((2), (2)),
the proof is similar to the Theorem 5 proof. [0 In 1980, H.D. Alarcao showed
that: A monoid S is factorisable if and only if it is unit-regular[1].

Corollary 1. (MURy),(MURs),(MUR3),(MURy), (MURs) are mazimal fac-
torisable submonoids of the monoid relational hypersubstitutions for algebraic

systems of type ((2),(2)).
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