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Abstract

Let Py be the graded polynomial algebra Fa[z1,z2,...,xx] over the
prime field of two elements, F2, with the degree of each z; being 1. We
study the hit problem, set up by Frank Peterson, of finding a minimal set
of generators for P, as a module over the mod-2 Steenrod algebra, A. In
this paper, we explicitly determine a minimal set of A-generators for Py
in the case k = 5 and the degree 2971 — 2 with d < 4.

1 Introduction

Let E* be an elementary abelian 2-group of rank k and let BE* be the classi-
fying space of E¥. Then,

Py := H*(BE") 2 Fa[z1, 22, ..., 73],

a polynomial algebra in k generators x1, o, ..., Zk, each of degree 1. Here the
cohomology is taken with coefficients in the prime field Fs of two elements.

Being the cohomology of a topological space, Py is a module over the mod-2
Steenrod algebra, A. The action of A4 on Py is determined by the elementary
properties of the Steenrod squares Sq* and subject to the Cartan formula (see
Steenrod and Epstein [16]).
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80 The hit problem of five variables in the degree thirty

An element g in Py is called hit if it belongs to AT Py, where AT is the
augmentation ideal of A. That means g can be written as a finite sum ¢ =
Zu>0 Sq*" (gy) for suitable polynomials g, € Pj.

We study the Peterson hit problem of determining a minimal set of gen-
erators for the polynomial algebra P, as a module over the Steenrod alge-
bra. In other words, we want to determine a basis of the Fa-vector space
QP := Py/ AT P, = F2 ® 4 Py. This problem was first studied by Peterson [7],
Wood [23], Singer [14], and Priddy [10], who showed its relation to several
classical problems the homotopy theory. Then, this problem was investigated
by Carlisle and Wood [1], Crabb and Hubbuck [2], Janfada and Wood [3],
Kameko [4], Mothebe [5], Nam [6], Repka and Selick [11], Silverman [12], Sil-
verman and Singer [13], Singer [15], Walker and Wood [22], Wood [24], the
first named author [17, 18] and others. Recently, the hit problem and its appli-
cations to representations of general linear groups have been presented in the
monographs of Walker and Wood [20, 21].

From the results of Wood [23] and Kameko [4], the hit problem is reduced
to the case of degree n of the form

n=s(2% - 1)+ 2%, (1.1)

where s, d, m are non-negative integers and 1 < s < k (see [18].) For s =k —1
and m > 0, the problem was studied by Crabb and Hubbuck [2], Nam [6],
Repka and Selick [11] and the first named author [17, 18].

In the present paper, we study the hit problem in degree n of the form (1.1)
with k=5, s =2, m=0and d < 4.

In Section 2, we recall some needed information on the admissible monomi-
alsin Py, Singer’s criterion on the hit monomials and Kameko’s homomorphism.
The main results of the paper are presented in Section 3.

2 Preliminaries

In this section, we recall some needed information from Kameko [4], Singer [15]
and the first named author [18] which will be used in the next section.

Notation 2.1. We denote N, = {1,2,...,k} and

XJ = X{jl,jz,...,js} = H Tj, J = {j17j27' . 7js} - Nk?a
jENk\J

In particular, Xy, =1, Xp =x122... 2, Xj =21...25... 2, 1 <j <k, and
X =X, € P_1.

Let «;(a) denote the i-th coefficient in dyadic expansion of a non-negative
integer a. That means a = ag(a)2° + a;(a)2! + as(a)2% + ..., for a;(a) =0 or
1 with ¢ > 0.



NcuYEN SuM, LE XuAaN MoNG 81

Let ¢ = x‘flmg2. .xp* € Py. Denote v;(z) = aj,1 < j < k and v(z) =
max{v;(z) : 1 < k}. Set

Jo(2) = {7 € Ni : au (v () = 0},

for t > 0. Then, we have xz = Ht>0 Jt(x)

Definition 2.2. A weight vector w is a sequence of non-negative integers
(w1, w3, ..., wi,...) such that w; = 0 for i > 0.
For a monomial x in Py, define two sequences associated with x by

w(z) = (wi(x),w2(2), ..., wi(2),...),
o(z) = (n(x),va(z), . Vk(x)),

where w; () = 37, ¢ j<p @i—1(vj(2)) = deg X3, _,(2), @ = 1. The sequences w(z)
and o(x) are respectively called the weight vector and the exponent vector of
xZ.

The sets of all the weight vectors and the exponent vectors are given the
left lexicographical order.

For any weight vector w = (w1, ws,...), we define degw =3, 2i=1w; and
the length ¢(w) = max{i : w; > 0}. We write w = (w1,ws,...,w,) if (w) =7
For a weight vector n = (n1,72,...), we define the concatenation of weight
vectors

wln = (Wi -+, Wry N5 M2, -+ 2)
if £(w) = r and (a)|® = (a)|(a)] ... |(a), (b times of (a)’s), where a, b are positive
integers. Denote by Py (w) the subspace of Py spanned by monomials y such
that degy = degw and w(y) < w, and by P, (w) the subspace of P, (w) spanned
by monomials y such that w(y) < w.

Definition 2.3. Let w be a weight vector and f, g two polynomials of the same
degree in Pj.

i) f=gifandonlyif f —g € AT P,. If f =0 then f is called hit.

ii) f =, g if and only if f —g € ATP, 4+ P, (w).

Obviously, the relations = and =, are equivalence ones. Denote by Q Py (w)
the quotient of Py(w) by the equivalence relation =,,. Then, we have

QP (w) = Pe(w)/((AT P N Pe(w)) + Py (w))-

For a polynomial f € Py, we denote by [f] the class in QP represented
by f. If w is a weight vector and f € Py(w), then denote by [f]. the class in
Q Py (w) represented by f. Denote by |S| the cardinal of a set S.

It is easy to see that

QPr(w) 2 QPY = ({[z] € QP : x is admissible and w(z) = w}).
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So, we get

QPn= P QPr= P QP:(w) (2.1)

deg w=n degw=n

Hence, we can identify the vector space QP (w) with QP C QPx.

Definition 2.4. Let x,y be monomials of the same degree in P;. We say that
x < y if and only if one of the following holds:

i) w(z) <w(y);

i) w(z) =w(y) and o(x) < o(y).

Definition 2.5. A monomial z in P is said to be inadmissible if there exist
monomials y1,¥2, ...,y such that y; <z for j =1,2,...,t and v — Z;zl yj €
AT P,.. A monomial z is said to be admissible if it is not inadmissible.

Obviously, the set of all the admissible monomials of degree n in Py is a
minimal set of A-generators for Py in degree n.

Definition 2.6. A monomial x in Py is said to be strictly inadmissible if and
only if there exist monomials y1,¥2,...,y: such that y; <z, for j =1,2,...,¢t
and z = Z;:1 yj + Zi;ll Sq*(hy) with s = max{i : w;(z) > 0} and suitable
polynomials h,, € Pj.

It is easy to see that if x is strictly inadmissible, then it is inadmissible.

Theorem 2.7 (See Kameko [4], Sum [17]). Let z,y,w be monomials in Py
such that w;(x) =0 for i >r >0, ws(w) # 0 and w;(w) =0 fori>s>0.

i) If w is inadmissible, then xw? s also inadmissible.

ii) If w is strictly inadmissible, then wy? is also strictly inadmissible.

Now, we recall a result of Singer [15] on the hit monomials in Pj.

Definition 2.8. A monomial z in P is called a spike if v;(2) = 2% — 1 for d;
a non-negative integer and j = 1,2,...,k. If z is a spike with d; > dy > ... >
dy_1 > d, >0 and d; =0 for j > r, then it is called the minimal spike.

For a positive integer n, by u(n) one means the smallest number r for which
it is possible to write n = Z1<igr(2di —1), where d; > 0. In [15], Singer showed
that if p(n) < k, then there exists uniquely a minimal spike of degree n in Pj.
The following is a criterion for the hit monomials in Pj.

Theorem 2.9 (See Singer [15]). Suppose x € Py is a monomial of degree n,
where p(n) < k. Let z be the minimal spike of degree n. If w(x) < w(z), then
x 1s hit.

This result implies the following, which originally is a conjecture of Peter-
son [7].



NcuYEN SuM, LE XuAaN MoNG 83

Theorem 2.10 (See Wood [23]). If u(n) > k, then (QP)n = 0.

One of the main tools in the study of the hit problem is Kameko’s homo-
—0
morphism Sq, : QP, — QPj. This homomorphism is induced by the Fs-linear
—~0
map, also denoted by Sq, : Py — P, given by

:gvo( ) y, ifz=z120... 292,
€Tr) =
1 0, otherwise,

—~—0
for any monomial z € Pj. Note that Sq, is not an 4-homomorphism. However,
—~0 —~0 —~0
Sq,S¢%* = Sq¢*Sq,, and Sq,Sq**+! = 0 for any non-negative integer ¢.
—~0
Denote by (Sq.)k,m) : (Q@Pk)2m+r — (QPx)m Kameko’s homomorphism
in degree 2m + k.

Theorem 2.11 (See Kameko [4]). Let m be a positive integer. If u(2m-+k) = k,
then

(S/T(}S)(k,m) : (ka)2m+k — (ka)m

s an isomorphism of the Fy-vector spaces.

From the Theorems 2.10 and 2.11, the hit problem is reduced to the case
of degree n of the form (1.1). We set

P)={z=a{25 ... 2% : ajaz...a; =0}),

Pl ={z =223 . .20 : araz...a; > 0}).

It is easy to see that P and P,j are the A-submodules of P;. Furthermore,
we have the following.

Proposition 2.12. We have a direct summand decomposition of the Fy-vector
spaces QP = QP,? ® QP,:. Here QP2 =TFy @4 P,g and QP =TFy @4 P];".

Notation 2.13. From now on, we denote by Bjy(n) the set of all admissible
monomials of degree n in Py,

Bl(n) = Bi(n) N PP, Bjf (n) = Bi(n) N Py
For a weight vector w of degree n, we set
By (w) = By(n) N Py(w), B;f (w) = B} (n) N Py(w).
For a subset S C Py, we denote [S] = {[f] : f € S}. If S C Py(w), then we

set [S]ly = {[f]w : f € S}. Then, [By(w)], and [B; (w)]., are respectively the
basses of the Fao-vector spaces QP (w) and QP;f (w) := QP (w) N QP;.
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For 1 < i < k, define the homomorphism f; : P,_; — Py of algebras by

substituting

z;,  if1<j<i

filayy =" TS

zjy1, ifi<j<k.
Proposition 2.14 (See Mothebe and Uys [5]). Let i,d be positive integers such
that 1 < ¢ < k. If x is an admissible monomial in Py_1 then xfdilfi(x) s also
an admissible monomial in Pj,.

Denote Ny = {(i;1) : I = (i1,d0,...,ip), 1 <i<ip < ...<ip <k 0<

r < k}. For any (i;1) € N}, we define the homomorphism p;,) : P — Pr_1
of algebras by substituting

L if 1< <,
pan (@) = S crwemn, i j=1i,

Then p(;,r) is a homomorphism of A-modules.

Lemma 2.15 (See Phiic-Sum [9]). If « is a monomial in Py, then
Pz () € Pro1(w(z)).

This lemma implies that if w is a weight vector and x € Py(w), then
P () € Pr_1(w). Moreover, p(;r) passes to a homomorphism from QP (w)
to QPy—_1(w). So, these homomorphisms can be used to prove certain subset
of QP is linearly independent.

For J = (j1,72,---,4r) : 1 < j1 < ... < jr <k, we define a monomorphism
05 : P, — Py of A-algebras by substituting 6;(z;) = x;, for 1 <t < r. Itis
easy to see that, for any weight vector w of degree n,

Q0;(P7)(w) = QP (w) and (QO.(P"))n = (QP)n

for 1 < r < k, where Q0,;(P}) = 0,(PF)/AT0,;(Pt) and QP = P /AT P .
So, by a simple computation using Theorem 2.10 and (2.1), we get the follow-
ing.

Proposition 2.16 (See Walker and Wood [21]). For a weight vector w of degree
n, we have direct summand decompositions of the Fy-vector spaces

QP(w)= P P Qb (PH)(w),
p(n)<r<k e(J)=r
where £(J) is the length of J. Consequently

dim QPy(w) = > ('j) dim QP (w),

p(n)Sr<k
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dm(QP) = Y (’;’) dim(QP ).

pu(n)<r<k

3 Main Results

First of all, we recall the results on the admissible monomials of degree 2¢+1 —2
in P, with k < 4. From Peterson [7] and Kameko [4], we have

By(241 —2) = (o} a3 ).

For d > 2, B3(29! — 2) is the set of the following monomials:

241 241 241 291 241 2941 242 2d_1
5 dxg ) xld T3 ) ] de ) 1Ty X3
xlzg _1x§ —2 1’% _1x2z§ —2 x‘fxg _3x§ -2,

According to a result in [18], B4(2¢+1 — 2) = B4((2)|%) U B4(4, (3)]472,1),
where B4((2)|%) = B((2)|%) U Bf ((2)|¢) is determined as follows:

Proposition 3.1 (See [18]).
i) By(2) = BY(2) = {miz;; 1<i<j<A4}.

ii) Ford > 2, B)(2¢t! —2) = BY((2)|?) is the set of the monomials a; = a4,
which are determined as follows:

d d d d d d
-1 -1 -1 -1 -1 -1
a] = x% xi ag = x% xi az = x% a:g
d__ d__ d__ d__ d__ d__
ay = :cf 1xi ! as = x? lzrg ! ag = IE% 1x§ 1
d__ d_ d_ d_ d__ d_
a7 = LL’Q%% 21‘421 1 ag = l‘gl‘g I.Ti 2 ag = CE% 1.’)331'2 2
2¢_9 2d_1 241 2¢_9 2¢_9 2d_1
a10 = T1T3 Ty a11 = T1T3 Ty a12 = T1Toy Ty
299 241 291 299 241 292
13 = T1To Tg 14 = T1To Xy 15 = T1To T3
241 242 291 242 241 242
16 = Ty T3y a7 = Ty T2y aig = Iy ToTg
Ford > 3.
_ 3,293 2¢d_9 _ 3,293 2¢_9
aig = TyTg Ty a20 = T1T3 Ty
_ 3,293 2¢_9 _ 3,293 29 9
a1 = T1Ty Ty a22 = T1Ty T3 .

Proposition 3.2 (See [18]).

i) B{((2)]?) = {m122032], w1032523}.

ii) Ford >3, B ((2)|%) is the set of the monomials a; = aqy, 23 < t < 35,
which are determined as follows:
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249 249 272 242 2, 244 241
23 = T1X2T3 Ty 24 = T1To 3Ty g5 = T1T53T3 Ty
2,291 244 291 _o 294 291 2, 294
a6 = T1T3T3 Ty A7 = T1Ty T3Ty a28 = Ty ToI3Ty
_ 2,293 299 _ 3.29-4 2¢_2 _ 3.2%-2 294
a29 = T1X5T3 Ty a3zp = T1T3T3 Ty az]p = 1Ty Ty
_ .3, ,.2%4 242 _ 3,272 294 _.3,29-3 2 294
a3z = T7T2T3 Ty 33 = T1T2T3 Ty a3z4 = T1Toy T3Ty .
For d =3, ags = a3x3x3x].
d__ d__
For s >4, ass = x‘;’xgmg 6$i 1,

Proposition 3.3 (See [18]). Ford >4, By(4,(3)|%72,1) = Bf (4,(3)|%72,1) is
the set of monomials ¢(c;), t > 1, with ¢ : Ps — Ps, ¢(f) = x1m02370425f% for
all f € Ps, and the monomial c¢; = cq is determined as follows:

co=af Tlad Tl o =ad Tl
cs=a3 “laf Thaf g =a? Tl
e5=a% lad Tha o A A
or = $§d7271$§d7271$2d7171 o5 = x?d7271x2d7171x2d7271
co = x?d7271x§d7171x2d7271 10 = x%d7171x§d7271$3d7271
€11 = z§d71_1z§d72_1x2d72_1 cl2 = x%dfl_lxgdﬂ—l gdiz_l
Cc13 = $1I§d_272 %dﬁ*l iﬁl*l Cla = mlxgd_Q*Q g’d_lfl 421‘1‘271
€15 = mlxgzij_lxgziz_%i:f:_l ci6 = xlwgzij_lxz*:‘lxi:i”
ci7 =mxy wy  Cxy 0 cis=awws  lwy a0
T R - M S A P S
C21 = $§d72_1$§d71_1x3xid72_2 Co2 = x%d71_1 233?{172_2 Zd72_1
Ca3 = m?d71_1x2x§d72_1 22— xfdfl—lg;gd”—lxgxﬂ*_z
Co25 = iﬂlxgd_zflmgd_%lxid_l*z Co6 = x1x§d_271 gd_lfzxid_z’l
coo =7 lweay Pay 7' cpo=a7 i Tlasgal TP
For d = 4,
€31 = x?‘rgxgxiv C32 = x?fﬁgﬁrgfﬂi, C33 = (Ei’l’gx%xi,
cas = Tiwiwiey, css = wiwiesad.

Ford>5,
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A A R O e SV B
B £ A B - A TR e 1 S S
B - 7 SO P S S
c37 = xszﬂgdﬂ*lxgdi%?’xidil*? C38 = xfdﬁ*lxgx%d%’?’xidﬂ*?
C39 = x§z§d72_1z§d71_3xid72_2 ca0 = x%zgdil_%gd#—%id*z—l
C41 = x?xgd_ligxgd_tlxid_rzﬁ Cq2 = xfd_zflxg’x%d_lfgxid_zﬁ
C43 = $I$§d71_5x§d72_3xid72_2.

Ford =15,

cas = T w5l 45 = TiwjTiTy.

Ford > 6,

Caq = fzxgd_kglxgd_l%xid_tz, C45 = m{x%ddﬁx?_%‘gwid_l”.

We now determine Bj (29! — 2). It is easy to see that for d = 1, we have

3.1 The case d =2
Lemma 3.1.1. If x is an admissible monomial of degree 6 in Ps, then either
w(x) =(2,2) or w(z) = (4,1).
Lemma 3.1.2. Let (i,j,t,u,v) be an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

2

3 s 2 02 ~ L :
rwixy, 0 < J; xirrixy, ¢ < min{j,t,u};

2 2 . . 2
TiZGTi Ty 1< J < t < u; TIT2T3T4T5.

From the result in [18], we have dim(QP?)s = 70. By a direct computation
using Lemmas 3.1.1, 3.1.2 and Theorem 2.7 we obtain

Proposition 3.1.3. B (6) = B (4,1) is the set of the following monomials:
2 2 2 2
$1$2$3$4$5, T1T2X3T4T5, 331],‘2.2333341‘5, T1XoT3T4T5.

Consequently dim(QPs)s = 74.

3.2 The case d =3

For d = 3, the space (QPs)14 has been determined by Ly-Tin [19]. From
the results of Peterson [7], Kameko [4] and the first named author [18] we have
dim(QP, )14 = 1, dim(QP; )14 = 4, dim(QP; )14 = 28. Hence, we obtain

dim(QPY)14 = (;) + 4(2)4 + 28 (i) = 190.
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Lemma 3.2.1. If x is an admissible monomial of degree 14 in P, then either
w(z) = ((2)P) or w(x) = (2,4,1) or w(z) = (4,3,1).

Lemma 3.2.2. Let (i,7,t,u,v) be an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

N
N

3,3, .2 2,33 . _ - .2....3.3 .
TETFTLT5 TFTjTLTL Ty, U< J5 TyTTeL, Ty, 1 < J <1,
34,7 .. .6.3.4 3.4 6 3434 ; ;
LT [Ty5 Tl Ty Ly, TFL;TeT g, T3TLLL,, ¢ < J <t <u,
2,263
TiTGTLT, Loy U < V.

Based on Lemmas 3.1.1, 3.1.2, 3.2.2 and Theorem 2.7 we obtain

Theorem 3.2.3 (Ly-Tin [19]). We have

i) B ((2)|?) is the set of the following monomials:

2.5 4.4 2,4 2.4.3.4 ; _ .
riwiririrs, xixjxtmuxg, xixj:vtmixv, 1<j<tu<w

ii) BS((2,4,1)) is the set of the following monomials:

z‘i’xgx%:rixg, x,x?zfa:imz, 1< j<t <y xlazgxfmixg, 1<ji<t,u<v, <.

iii) B ((4,3,1)) is the set of the following monomials:

2., 3.7 + i 33,6 - . 2.5.3.3 » _ + 4
TiTFRLL Ty, © < J§ LTI T, Ty & < V5 TG0 T, T, 0 < J <t

3,52 3 . _ . 3,433 3.4, .33 .
TET5Ti LTy, 0 < J <G TTGT, T,y T3T;T0,Ty, ¢ < J <t

Here (i, j,t,u,v) is an arbitrary permutation of (1,2,3,4,5). Consequently
dim QP5 ((2)]*) = 15, dim QP5 (2,4,1) = 15, dim QP5" (4,3, 1) = 100,

dim(QPs" )14 = 130, dim(QPs)14 = 320.

3.3 The case d =14

First we determine the weight vectors of the admissible monomials of degree
30.

Lemma 3.3.1. If x be an admissible monomial of degree 30 in Ps, then either
w(x) = ((2)[*) or w(z) = (2,4,3,1) or w(z) = (4,3,3,1).

We need the following lemma.
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Lemma 3.3.2. Let (i,5,t,u,v) be an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

Proof. By a direct computation we have

4.4 4.7 g 1(.3.,.2 87 3., .24 11 2(.5.2 .2 4 7
LT Ty Ty = Sq (mixjxtxuxv + T T, Ty )—I—Sq (mixjxtxuxv)
4(.3.2.2 4.7 -
+ Sq* (i x3aiz,2]) mod(P5 (2,2,4)).
= Sq* (3 2

+ sq* (mf’x;’x?mixfﬁ) mod(P;5 (2,2,4)).

8.6 3.3, 4,10 2(,.5.3.2.4 6
T4y, Ty + TFXTFTLT T, )—|—Sq (a:ia:jxtxuarv)

34,44 .7 4.4 ,.6
v

.. 3 5 . .
The above equalities show that z7z;z; 2,2, and zjzjziz,x, are strictly inad-

missible. O

Proof of Lemma 3.3.1. Observe that z = x}°21? is the minimal spike of degree
30 in P5 and w(z) = ((2)|*). Since 30 is even, using Theorem 2.9, we obtain
wi(z) = 2 or wi(z) = 4. Suppose wy(x) = 2. Then, x = z;z;y* with 1 < i <
j < 5 and y an admissible monomial of degree 14. By Lemma 3.2.1, either
wly) = ((2)]?) or w(y) = (2,4,1) or w(y) = (4,3,1). By a direct computation
we see that if w(y) = (2,4,1) then there is a monomial w which is given in
one of Lemmas 3.2.1, 3.3.2 such that z = :Eixjyz = wh? with r = 2,3 and
h suitable monomial. By Theorem 2.7, z is inadmissible. So, we get either
w(z) = ((2)*) or w(z) = (2,4,3,1).

Suppose that w;(z) = 4. Then x = X;y? with y an admissible monomial
of degree 13 in Ps. By Phuc [8], w(y) = (3,3,1), so w(z) = (4,3,3,1). The
lemma is proved. O

By Lemma 3.3.1, we have

(@Ps)z0 = (QF)30 © QP ((2)|") © QP (2,4,3,1) ® QP4 (4,3,3,1).
We have dim(QP;5" )30 = dim QP5"((2)|*) = 1, dim(QP;5 )30 = dim QP5 ((2)|*) =

4, QP (2,4,3,1) = 0, dim QP ((2)[*) = 13, dim QP; (4,3,3,1) = 35. So, we
get QPY(2,4,3,1) = 0 and

dim QPY((2)|*) = (2) +4<g) + 13<Z) =115,

5
dim QP?(4,3,3,1) = 35 (4) =175.

Theorem 3.3.3. i) B ((2)|*) is the set of the monomials by = by, 1 <t < 39,
which are determined as follows:
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p Y
by = xlxgxgx}l%%‘l by = mlxgxg:r}flx%z by = $1$2$§4.’IJ£(E%2
by = viadwzx et by = madesaital? be = vywdaiPraalt
by = viadtesaiet? by = myaealeiOzl? by = vyxdaiPaixl?
big = xw%x%x?x? b1 = xﬂ:%x%x?x? bia = xw%x%}xix}f
302,12, 12 3, 12,2 12 _ 24,815
biz = xT22524 T bia = xyT223 21T bis = 125705055
big = xlxgxéx}fxg b7 = xlxgxé‘r)xixg bigs = xw%%%xix%
_ 15, 2.4 8 _ 2,.4,.9..14 _ 2,5..8,.11
gt o B i Lo i 6 )
boo = ;w5232 s bag = wiw5a3T, 5" bog = 15253505
_ 3..4,.14,.8 _ 3,.14,.4,.8 _ .3, .48 14
bos = x1T5250 4 TE bas = x1T523 LT bar = w2752 T
bog = w3xoxaxitad by = alwoalttatad  big = ryaxdadallxl?
SR W 0T T 0 ot B 58 13
bs1 = xjwox524 5 b3a = x1T3X3T505 bss = x1w52304 T
— 3. .6,.8.12 — 3. ..6,.12.8 _ 3,132 4 8
SO et St e 0 SO W
b3y = rixsT3T375 bss = xyw3x504°TE  b3g = TIT3X3 TLXS.

i) B (2,4,3,1) = {byo = z}a32525x10}.
Consequently dim QPs((2)|*) = 154 and dim QP5(2,4,3,1) = 1.
We need some lemmas for the proof of Theorem 3.3.3.

Lemma 3.3.4. The following monomials are strictly inadmissible:

26,67
LT T Ty,

6..3,.6 .6
T T, T,

j<t.
Here (i, j,t,u,v) is an arbitrary permutation of (1,2,3,4,5).
Proof. By a direct computation we have

2,66 .7 _
TiXGLL Ty Ty =

1 2.5 6,7 4,367
Sq (xixj:ct Ty Ty + TiTT; T, T,

+ S¢* (2 z3a}xdx]) mod(Py (2,4,3)).

J
6,366 _ . .3..6.6 (. 3..5,.6,6 53,66
LT jTL, Ty = LT T, T, + Sq (xlxjmt Ty T TiTTFT, Ty + T

+ S¢® (w7 zla}xx)) mod(P; (2,4,3)).

4 3,6,..7
+ Z; ‘szt xuxv)

4,3,.3,5,.6
ixjxtwuxv)

The above equalities show that the monomials ;z3afx8z] and x2S xS 2 are

strictly inadmissible. O

Lemma 3.3.5. Let (i,j,t,u,v) be an arbitrary permutation of (1,2,3,4,5).
The following monomials are strictly inadmissible:

i) xim;xiox}f,i <j<t<oualzxlzxl?i <<t <ou m?m?m%%}f,
xfx?a:fxi‘l, x?x?xtl4xi, xzx;xfxi, 1<g<t<u.

ii)
ria$zrsrlzi?  madaiPaial?  adalfasaixl?  piadadailal?
mzdalafel?  zadalei?ad malada8al? xialadal?al
plzexdabael?  zlwoxdai?al 2dadrsxlzl?  xialxlP2ial
rizoxilxiad  zi2Salafal ryxirsada’ rlzonSafad
Brtad2el?  daieielel? lodelried  adadrleSel?
rixdziai?af  adadaiPaiad adadaSafad rixdaialad.
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Proof. Part i) follows from the results in [18]. We prove Part ii) for some
monomials, the other cases can be proved by a similar computation. By a
direct computation using the Cartan formula and Theorem 2.9 we obtain

6, .10, 12 2,49 14 3,4,8, 14 3,.4,10_ 12 4.2 11 _12
T1ToX3Ty Ty = T1ToX3X4 Ty + T1T5X3X4 L5 + T1X5X3L, L5~ + T1ToT30,4 T

4,410 11 5.2, 8 14 52,1012 6, .8.14
+ X1T5T3Ty Ty + T1TTZLTE + T1THT3T, Ty~ + T1TT3TLT5

1(,.2,3..4.7 13 2349 11 2.5 .8.13 2.5 .9 12
+ S¢q (x1x2x3x4x5 + X7X5T3T, 05 + XTTT3T4X5" + T{ToT3T 4Ty

2,547, 11 2 2,.4,.7.14 3,.4,7..13 34,911
+ i34y )+Sq (x1x2x3x4:c5 + 21250324057 + T1T5T3T4X5

5. 813 5. .9 12 54,7 11 6,.2,.7,12
+ X1ToT3T4 X" + T1ToT3T X5~ + T1ToX3T4 L5~ + T1X5X3L,4 Ty

+ xlxgxgxixél) + Sq¢* (1611‘31’%%11‘%2) mod(P{((2\4))).

This implies 212523210212 is strictly inadmissible.

3,4,9.2 12 _ 2,9 414 2,. 11,4 12 2
TITHTZLITE" = T1THT3LLT5 + TIT2X3” TyTh~ + TTT2L3" T4 T

3 122 .12 3,29 4 12 34,8 4 11 1 4..7.4.13
+ Xixorz X T + XT3 Ts” + X THx3T, 5 + 5S¢ (m1x2x3m4x5

3, 702,16 3. 112 12 3,47 4 11 2 2,74 14
+ X ToT3T x5 + T T2T3 TyT5" + TIXX 3T, Ty )+Sq (m1x2x3m4x5

2 11,2, .12 2.4 7 4 11 5272 12
+ X{ToT3 THX5" + TIXQX3X 4Ty + TIX3X3T4 Ty )

+ Sq* (afa3afades?) mod(Py ((2Y)).

13.2.12 , .2 4.9 4 11
+ T ToT3T 4T

Hence, r3z3zir3zi? is strictly inadmissible.

3.5 8.2 12 235812, .2 55 8 10 , .2.5.9 8.6, 3 3 8 4 12
TIToTZT4T5~ = TITT3T4 X5~ + TITT3X4 L5 + T1ToX3T4T5 + T1TX3T4 L5

3,45 810 3.4.9 8 6 35,4810 3,.5.6.8.8
+ X{THT3T 45 + T{ToX3X4 X5 + T{XT3T4X5 + T\ ToT3T 4 Xy

1(,3.3.5.8 10 , 3.3.9 8 6 2(.2.3.5 8 10 | 2.3 9 8 6
+ Sq* (aiz3x3aias’ + atwdziaial) + S¢ (2 wsaialal’ + aadafalat

5.3,.6,..8.6 5.3.8,.2 .10 4(,.3,3,6,.8.6 3,.3.8,.2 .10
+ XT3, 5 + XIX3T3TLT, )+Sq (m1x2x3x4x5 + X7T5T3T4 Xy

+afadagaiag) + S¢° (eiwdasaiag) mod(Py ((21Y)).

3,.3,.12 4 8 2,313,438 2,511 4 8 2,.5.,.7,.8.8 2,8,.7,.5.8
TIToX3 T T = TITHT3 T L5 + T{ToX3 TyTy + T]ToX3 X4 Ts + T{ToT3X4Xs

+ Sqt (x?x%x%xi:cg + adadrilajad + x‘fzgxgxizg) + S¢? (xfz%xgxizg
+ wiwhrs wial + afadeieias) + Sq* (veyeiaias) mod(Py((20Y)).

xlngch}llx? = $1$2$2Z2$é4 + xlxgxgmioxéz + mlxgxgxffcé?’ + xw%x%x}fz?
+ Jslx%ac%x?lxé‘l + Sql (x%xgxgaﬁxéﬁ + x%xgxgx?lxé‘l + x%xgxgar}loxé?’

+ x%xgxgx}fxél + x%a@x%xixé‘l + x%xgxgxixé?’ + x%xgxgmgxy

+ xfzgxgxioxél + 1‘%$21‘21‘Z$%3 + x?xzmgx?lxél + x?xzzngxél)

+ Sq2 (xlxgschZxéG + xlxgmgasgxé‘l + xlxgmgas}loxé?’ + xlxgxga:}fxél
+ $1$2I§$Zzé4 + xlxgxgxizég + xlzgxngzéQ + .’Ell'gl’g.’tiol’él

6,.7,.13 6,.9,.11 87,11 4,210 .11
+ X1ToT3T 405" + T1T2X3X 45" + T1T2X3X4 X5 + T1 L30Ty 365)
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+ Sq¢* (xw%x%x}loxél + xm%x%wix?) mod(P5_((2|4))).

So, x3z3xSrixi? pirdxl?aiald, viadaixllal? are strictly inadmissible.
2 7 8 12 410, 14 610, 12 10 414 10,6, 12
T1TZX3T4T5" = T1T2X3Xy Ty + X1X2X3Ty Ty~ + T1Tox3 TuTy + X1X2T3 TyXs

23,12 12 2,.4,10,13 24,12 11 2,.6,8,.13
+ 12523047057 + 12503 X5° + T1X3X3T4° Ty + T1X5T3X 4Ty

(2, .3..3,.20 2. .3.5.18 2. ..3.10 13 2., 312 11
+ Sq (x1x2m3x4x5 + TiT2x3T, 5" + T{T2x3T, T5” + TIX2T3X, X

+ x%xgxgxixég + x%xgxgx}loxél + x%xgxgxixéﬁ + x%xﬁ%xixé‘l

+ xfzgxgxgzég + LE%IQI%IZZ‘%I + x%zgxgxizy + x%zgxgxgzél)

+ qu (xlxgmgxixgo + mlxgmgxixéS + aclxgmgx}loxég + xlxgxgx}fxél
+ $1$2$§$i$})8 + xlxgxgx}loxél + xlxgxgwixéﬁ + $1$2$§1’i$é4

+ xlxgxga:gxég + $1$2$§$§1$%1 + J;lxgxgximé‘l + xlxgxgxf’lxél

+ xwéx%xix},‘l + xlzvgmgxix}fl + xlxémgxgxél)

+ Sq4 (37156%%%1}256%4 + xw%m%xixé‘* + xlcc%mgxgx?

+owgaiaies’ + agegeies’) mod(Py((20Y)).

3.4 10,,12 6,29 .12 82,7 .12 2 2,13, .12 2., 411 12
T1ToX3T,4 Tp” = T1ToX3T L5~ + T1T5X3L4 L5~ + T]X2X3L,°T5" + L1T2T3T,4 Ty

+.1?234912 21212+$324912+$334812

3
122%3T4T5" + T1T2T3T4 L5 172%3T4T5 112234 %5
1 54,712 3, .2..7,.16 3, 2,11 12 3,347 12
+ Sq (x1x2x3x4x5 + T{X2x3x4x5 + T{T2X3T4 T5T + TIXLT3X 4T

4 12 2 27,12 2. .2.11 12 23,47 12
+x§’m2x3x2m5 ) + Sq (xlxgmsxz% + X7X2T3Ty Ty +x1x§x3m1x5

+afasaiaias®) + 8¢ (2ia3a5elas?) mod(Py ((2[1)).

7 10,.4,.8 4.4.11.3 8 4.8..7.3 .8 5.2.7.8 8 5.2..11 4 8
T1ToX3 Tyl = T1ToX3 TyTs + T{ToX3X Ly + L{TT3T 4Ty + T{XLT3 Ty Ty

7 8,68 (07, .8..5.8 7 94,8 7..4,7.3.8
+ xixox5x, Ty + Sq (x1x2x3x4m5 + X xoT30 405 + x1x2x3x4x5)

2(,.7.2.7, 4.8 7 4.8 38
+ S¢° (z{aszizyias + a{zjaiaias)

+ Sq¢* (a:‘fx%mgxix? + xi’x%xémix?) mod(P5 ((2|4)))

xlxgxgxixg = xlxgxgxixél + xlx‘éxéoxia@g + xlxgxgximél + :Elxgxgximg
+ xw%x%xizéo + Sql (I%x;mgxixg + xfzgxgxizg + x%ojgxgxixg)
+ qu (:Clx;xgxixg + xlm;xgxia:g + xlxgxgxixg)
+ Sq* (212325282l + z12Sxiafal) mod(Py ((2]Y))).
The above equalities show that the monomials
2,.7.8.12 3.4 10 12 7, 104 8 76,88

T1THTETGTE", TITGT3T, Tr™, T1ToT3 TX5, T1TeX3TyTs
are strictly inadmissible. O
Lemma 3.3.6. The following monomials are strictly inadmissible:

T

3,.5,.6,.10 .6 3,..5,..10,6,.6 3,..5,.2
+ Ly, T

T{ToT3T 4 Ty, TIToTg TyTg, T;T;T

6,..14 3,.13,.2,6,6
[l uly » LiLj Ty Ly

J
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Here (i, j,t,u,v) is an arbitrary permutation of (1,2,3,4,5).
Proof. By a direct computation we have

3,.5,10.,.6.6 _ 3.5 6610 1(,3,.3..5..9..9 3,.3.9,.9.5 36,5 .69
TIToT3 T4Ty = T]ToT321T5 + Sq (x1z2x3:c4z5 + XTXT3T4 T + T]ToXT3L 4T

3,.6,5.9.6 3,.6,6.9.5 3,.6,9,.6.5 2(,.2.5.3.9_9

+ XX T3T4 T + TIXX3T, Ty + x1x2x3x4x5) + Sq (x1x2x3x4x5
2,.5,9.9.3 5.2,.3.9,.9 5.2,.9.9.3 5.3,3.8,.9

+ TIXT3TL X5 + XITHT3L,T5 + TITZL3T4X5 + TILHT3L4T5

+ xi’x%x%xix? + x?m%x?azgmg + x?xgxgxgxg + x?x%m%xix?
5.3,8.9.3 5,.3,9.6,.5 5.3,9.8.3 4(,2.3.3.9_9

+ aiwsasaies + alwjesaled + ateasaies) + Sq (afwjaialas
2.3,.9.9. 3 3,.2.3.9.9 3,299 3 3,.3,.3.8.9

+ XITT3T4Xy + XIX3XZ3T, Ty + TIXZX3L, Ty + TITHT3X 4T
3,.3,3.9..8 3,.3,5.6,.9 3,.3,5.9,.6 3,.3,6.9.5

+ TITRT3T4T5 + TIToT3T4T5 + T{TRT3L4T5 + L1 TL3T4T5
3,.3,8.9.3 33,965 3,.3,9.8.3 -

+ 2fziafalad + afadzialal + afadalalad) mod(Py (2,4,3,1)).

This equality shows that the monomial z3x523%2528 is strictly inadmissible. By

a similar computation we also prove that z3z32$21%28 is strictly inadmissible.
We have
3,5,2.6..14 _ ¢ 1(.3.5.2 6 13 3,.5,2,12,.7 35,4611 3,.5,.4,10,7
T TE Ty, Ty = Sq (:Eixjxtxuxv T XLXGHLX, Ty + XL T, Ty + TFXGTL T, Ty
3,. 910,457 3,122 5 7 9.5,2..6,.7 10,.3,.4..5 .7
+zyx;2 TyTy Ty + TZT7TLT, Ty + TyTGTLT, Ty, + Ty T5TL T, T,
12 3.2 5 7 2 6,.2.6 .11 3,.6,2,10,7 310,267
+ x; acjxtxuacv) + Sq (a: T;T;T,%, +T T, +x

i LjTE Ly i L5 LTy Ly,
10,32 6.7 4
+a; x]—xtmuxv) + Sq* (=

SSor S w

J

6,267 —
mjxtxu:rv) mod(Py (2,4,3,1)).
3,.13.2 6.6 _ ¢,1(.3,.7.2.5 12 3.7,2.12_ 5 3,745 10 3,.7..4,10_5
TyX XL, Ty = Sq (xizjxtxuzv T T TL X, T, F T T, T, T T, T,

311,45 6 9,725 .6 97,436 12,7, .3 .6
T XX L Ty Ty + T T TFT, Ty + LT ;T T, Ty, + Ty xjactxuxv)

2(.3..7..2..6 10 3,.7..2,.10 6 311,26 .6 10,.7,.2,.3 .6
+ Sq (xi:cjxtxu:rv T TTXTLT, T, + TFX XX, T, T xjxtxuwv)
4(,5.7,2.6 6 -
+ Sq* (z)afaizgx)) mod(Py (2,4,3,1)).

Hence, the monomials x?m?xfxgx}f and xijwa:%xgxf’; are strictly inadmissible.
O

Proof of Theorem 3.3.3. First we prove that QPs((2)[*) is generated by the
set {[b];1 < t < 39}. Let x be an admissible monomial in P; such that
w(z) = ((2)[*). Then z = z;xy? with 1 < j < £ <5 and y an monomial in Ps
and w(y) = ((2)|?). Since z is admissible, by Theorem 2.7, y € B5((2)[3).

Let z € B5((2)|?) such that z;z.2% € Ps'. By a direct computation, we see
that if ;222 # by, for all ¢, 1 < ¢ < 39, then there is a strictly inadmissible
monomial w which is given in one of Lemmas 3.1.2, 3.2.2, 3.3.5 such that
zjxe2? = wz}' with suitable monomial z; € Ps, and u = max{j € Z : w;(w) >
0}. By Theorem 2.7, xjx4z2 is inadmissible. Since z = xjxng with y €
Bs((2)|?) and x admissible, one obtain x = b; for some ¢, 1 <t < 39. Hence,
QP5 ((2)|*) is spanned by the set {[b;] : 1 <t < 39}.
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Let  be a monomial in P5 such that w(z) = ((2,4,3,1). By a direct com-
putation, we see that if x # byg, then there is a strictly inadmissible monomial
w which is given in one of Lemmas 3.2.2, 3.3.4, 3.3.6 such that z = wy? with
suitable monomial y € Ps, and r = max{j € Z : w;(y) > 0}. By Theorem 2.7,
x is inadmissible. Hence, if x is admissible, then x = byg.

We now prove the set {[b;] : 1 <t < 40} is linearly independent in (QPs)s0-
Suppose there is a linear relation S = 2?21 var = 0, where vy, € Fy. Consider
the homomorphism p;,;) : (QP; )30 — (QP; )30 with 1 < i < j < 5. From
Proposition 3.2, we see that the following monomials are admissible in Pj:

w1 = $1$2$§41’}14 Wo = .’E1$%4{E3‘T}14 w3 = 1’1.’E%{Eé2$}15 Wy = xlx%x}fx}f
ws = r1addriel? we = Pwoxdri?  wr = wadedtalt ws = vada et

— 314 ,.12 — 43 12 .14 — 3 14 .12 — 313 ,.2,.12
W9 = .T1$2x3 J;4 w10 = .%‘1.1‘21‘3 1‘4 w11 = x1x2x3 .%'4 W12 = .%‘1332 .1‘31‘4

— 325,.10,.12
W13 = T1ToT3 Ty~ -

For simplicity, we denote v; = ZjeJ ~; with J C {1,2,...,40}. By a direct
computation, we obtain

P(1;2) (S) = 7{6,10,20,21,22} W1 + YeW2 + Y15W3 + Y16W4 + Y17W5
+ YrWwe + Y20W7 + Y21W8 + Y22W9 + V{4,6,20,213 W10
+ V{5,223 W11 + Yowi2 + Ye3wi3z = 0. (3.1)

From (3.1), we get
~j =0forje{4,5, 6, 7,9, 10,15, 16, 17, 20, 21, 22, 23}.  (3.2)
By using (3.2) we get

P(1:3)(S) = V{8,11,24,25,313 W1 + 7{3,14,26} W5 + Y18We
+ 7{1,8,24,27,31,32) W8 + V{2,8,25,28,31,33} W9 + Y24W10
+ y25w11 + Y12w12 + V{30,401 W13 = 0. (3.3)

Combining (3.1) and (3.3) we have
~; =0 for j € {12, 18, 24, 25}. (3.4)
By a direct computation using (3.2) and (3.4) we obtain

P(4;5)(S) = y3w1 + Y19We + Y26Wo + Y14W10
+ Y2owi1 + Y36Wi2 + Y39wiz+ = 0. (3.5)

The equality (3.5) implies

~v; =0 for j € {3, 19, 26, 14, 29, 36, 39}. (3.6)
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Based on (3.2), (3.4) and (3.6), we get

P(3;5) (S) = V{2,37,38} W1 + V{11,33,37} W8
+ 7Y{13,35,37y W10 + Y2sw11 + Yzswiz = 0. (3.7)

From (3.5) we have
v; = 0 for j = 28, 38. (3.8)

By a similar computation using (3.2), (3.4), (3.6), (3.8), we obtain

P@;5) (S) = 7{2,30,32,33} W1 + V{1,13,31,34,37} W3 + 7{2,8,30,35,40} W7

+ 7{8,32,35,40} W8 + 7{11,30,32} W10 + v33wi3 = 0. (3~9)
P2;5) (3) = 7{2,31,34,35} W1 + {1,11,27,30,32,40} W3 + 7{2,8,31,33} W7

+ 7{8,33,34) Ws + V{13,31,34) W10 + Y35w13 = 0. (3.10)
P(3;4)(S) = V(1,40 W1 + Y{11,30,32) W9 + Y27W10

+ 7Y{13,31,34) W11 + V(37,403 w13 = 0. (3.11)

From the above equalities we get
v, =0, j=27,31, 32,33, 35;v; =71, j =2, 8, 11, 13, 30, 34, 37, 40. (3.12)
By a direct computation using (3.1), (3.12), we have

p@1:4)(S) = nwr + nwiz = 0.

So, we get 1 = 0 hence 74 = 0 for all ¢, 1 < ¢ < 40. The proof is completed.
|

Now, we determine the space QP; (4,3,3,1). We denote C = {x}°f;(u;) :
1<i<5,1<j <36}, where uj, 1 < j < 36, are the admissible monomials of
degree 15 in P, which are determined as follows:

1. xll'g.’ng;i 2. xlmgxgmg 3. xlxgxgxz 4. 1’1$g$§1’4
5. xiwsxaxl 6. myawtaSry 7. xlzoxsal 8. alxexSay
9. 1732577 10. zyadalay 11 xyaizdal 12, alzgaial
13. myzdaizl 14, myadalal 15, zyalzied 16, aizeria]
17. 3zoxlat 18, a3xlzsx} 19, zlmoxdal  20. 2lzdzsad

21. zyadzial 220 wyadalal 23, myaSaial 24, 2dwoxdal

25. 3wqxlal  26. x3xdwsal 27, adxdalxy 28, 2iadadad
29. p3zdxdal 30, afxdalad 31 afadadal 32 adaduaal

33. pixialey 34 xdxlxizy 35, wladziz,  36. xirixdal.

Denote D = {a:ffi(vj) :1<i<5,1<j <75}, where v; are the admissible
monomials of degree 23 in Py which are determined as follows:
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7,14

1. z1z2257)

14 .7

6. T1T5 x5T4

11.
16.
21.
26.
31.
36.
41.
46.
ol.
56.
61.
66.
71.

computation we have |C| = 180 and |D| = 278.

ryxlriald

1’?5621321’}14

ry 3t

rraSailad

ol zoxSal
23 adal?
3ol
Sdoiiad
virirsa]

3,.5,.7,.8
L1LoT 3Ly
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2. xymoxital
7. 2 woxzwit
12. 27zox32L?
17. x3zoxiiaf
22. zya§riald
27.

32.

37.

rizizial?
42.
47.

3.7 12
56'1,1‘2.%‘3374

52.

57.

62.
67.
72.

vlzirha)

3,.7,.5,.8
L1LX3Ly

3. zyzlzzxl?
8. xlwozitey
13. zya3adai?
18. x3zdw3xit
23.

28.

3 6,13
TIL2T3TY
33.

38.

ryrsriie]
43.
48.

3,.7,.12
.’1715(;'2(53 T4
53.
58. xéxixgxg
63. x%xgmgxi
68. x{xyTRTy
73.

7o o708
e
T{THTELY

3,.3,.5.,.12

3,.7,.8,.5
L1LoT 3Ly

4. xlxgacé‘lm

9. zyx3xial?
14.
19.

24.

73,12

29. z1xyTRT4
T 3

34. alwoxiw}?
39. aTxdtaszd
44. zyx§2lrd
49. 2lxlrsxf
54. 3x3xial®
59.

3,3.,.12.5
i
64. rixsx3T]
69.
74.

7,.3,.5,.8
L1LaT3Ly

14 7

D. T1T5 T3Ty

10.
15.
20.
25.
30.
35.
40.
45.
50.
55.
60.
65.
70.
75.

rizdrida]

$1$§I§I13

3 7012
TIT2T5Ty

7.3 12
$1$2$3$4

lxdtein,
ryadalad
ololete,

3,5..3,.12
L1ToT3Ty

afzfriry
Sl

72237825
T1THTITY.

By Proposition 2.14, C C B: (4,3,3,1) and D C BJ (4,3,3,1). By a simple

Theorem 3.3.7. B (4,3,3,1) = CUD U {s; : 1 <t < 52}, where s; is
determined as follows:

Lemma 3.3.8.

1.
D.
9.

13.

17

21.
25.
29.
33.
37.
41.
45.
49.

ryxdritaiad

r{zitosaiad
Ty rsrledxd
r{zlxxSas

. irdadaiald
rirdxdridad
r3rdadrial
w3wddalaia?
eirteliaged
rlzitadafad
wirjriaie]

vlzirsaias

Consequently,

7.,.11,..6,.5

2. Ty XX
6. 27zl papbed

10.
14.
18.
22.
26.
30.
34.
38.
42.
46.
50.

1427 T3L4 Ty
] zowlalal
rlzitalada?
r3zdrdzitad
rizdxidaiad

3,5..6,.3..13
L1LoT3LY Ly

3,5.11,.6,.5
T1ToT3 Ly Ty

3,7.9,6..5
L1LoT3L4 L5

vlzdriaias

11,..5,.6

7
3. T{TaT3 T3Ts

5 6

711
7. T{Ts TRTLT2

11.
15.
19.
23.
27.
31.
35.
39.
43.
47.
51.

r{zlrzxdal

3,.3,.5,.5,.14
TaTEraAls

)
TiTRTs T
LILT3" Ly Ty

313,356
TIX3°TTGTE

3,5.7.9.6
T1LoT3TY L5

7.3,.5,.9,.6
L1 LoX3LY L5

vlzjriaias

11,..6,.5

7
4. zixow3z 24T

5,..6

8. zixllalalws

12.
16.
20.
24.
28.
32.
36.
40.
44.
48.
52.

rlxladrxd

r3zdrdzltad
r3zirda§al’
rirdaialat’
rirddadalal
wixieitata?
rizitadziad
r3zdaSailad
afxfririad

ajz3ririas

rlala§aial.

dim QP (4,3,3,1) = 510, dim QPs(4,3,3,1) = 685, dim(QP5)30 = 840.

We need the following lemma for the proof of Theorem 3.3.7.

3..12 7.7

xl‘rz 1‘3:,134.%'5

Sui?aloisd

viziasaiag

viwdalrgal  adeilalzies  adriladaial
viasrgriel  wjrseyriry  wjrsiricd
oixbrdxfal  alafadxla? alafaladal.

The following monomials are strictly inadmissible:

3,12,.3,.7,.5
LiT " T3L 4Ty

vlwgauirs
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Proof. By a direct computation we have

x:{’mgxgngcg = x%x%x;;xixé?’ +x

3.7 12,7 37,479 3,.7,.4,.9.7 3,.9,.4.7.7
T X{THT3T 4 Ty + T{ToX3X4X5 + ] XT3THT5 + TIXoL3 L4 Ty

2.7, 13,7 2,13, 7,7 3,7 7012
1T9X3L, " Tg + X1 T3T 4Ty + XTXX3T4T5

2(. 3,11 7.7, 3.7 11 7, 3.7 7 11 2(,3,11 7.7
+ Sq* (aizhy wsaial + atwiwsay ol 4+ wiwirsaias') + Sq* (aiwy wawia]
3,7, 117 3.7 711 4(,3,7,2 7.7 -
+ zfefrsay ol + afefasaial') + Sqt (2fzdziaial) mod(P; (4,3,3)).
12, 7,7

This equality shows that the monomial z3zi2z3z 27 is strictly inadmissible.
We have

3.12.3 5.7 __ 2,735 13 27,5511 27,597 211,557
TITXZLY Ty = TILoT3T 45" + L{ToT3T 45 + TIToT3X X5 + LTy 3T, Ty

2.13,3.5.7 , .3.7.3.5.12 | 3 7 4 5 11 , 3 7 4.9 7
T XIT AT Ty + T1TpX3T4 X5~ + D1 ToT3T4 L5~ + T{ToT3T 4T

3,.7,.5,.6,.9 3,.7,5.8,.7 3,9.5.6.7 311,457
+ TIXT3X4 L5 + XTTHX3L4T5 + TIToL3T4 L5 + TTTy T3T 4Ty

1(,.3.11.3 5.7 3,.7,.3.9.7 3,.7..3.5..11
+ Sq (x1x2 T3T4T5 + TIXX3LYT5 + TIToX3L, T )

2(,.2,11,3 .57 5,.7,3..6,.7 2,,7,3.5. .11 2,.7,3.9..7
+ 5S¢ (m1x2 T3T4T5 + T{XX3L 4Ty + T]ToX3T4 T +m1x2x3m4x5)

+ Sq¢* (x‘f:c;zgxg:cg) mod(P; (4,3,3)).

7.9 6,35 5 7.3.5 10 , 5.7.3.6.9 .5 7.3.9.6, 5 7.3 .10.5
T1ToX3TYTy = T {TeT3TyT5 " + X1 ToX3T4T5 + L1 ToX3Ty T + T1TaX3Ty Ty

5,.7,.6,.3..9 5,.7,,10.3 5 511,35 .6 511,365
+ TIXT3TL T + X{ToX3 TYT5 + XLy T3T4T5 + 1Ty T3T4X5

11
+ m?xg a:gxi’xg + mzx;xgxixg + x{x%x%xix? + mzx;xgxixg

7,9.3.5.6 , 7.9 3 65 1(,7,7,5.5.5 2(,7,7.6,3.5

+ zizdaiaied + alxdwialal + Sq' (a]xialalal) + S¢° (v{ziafaiad
7,7.3,.5.6  7.7.3 65 4(,5.7.6,3.5 | 5.7 3 56

+ XT38 + x1x2z3x4x5) + Sq (x1x2z3x4x5 + X THT3T Xy
5,7..3,6 5 -

+ zlzfaiaes) mod(P; (4,3,3)).

Hence, z3xi223252% and z{af2S23x3 are strictly inadmissible.
The other cases can be proved by a similar computation. O

Proof of Theorem 3.3.7. First we prove that QPs (4,3, 3,1) is generated by the
set [CUDU{s;: 1 <t <52}]. Let x be an admissible monomial in P~ such
that w(z) = (4,3,3,1). Then x = X;y* with 1 <i < 5 and y a monomial in Ps
and w(y) = (3,3,1). Since z is admissible, by Theorem 2.7, y € B5(3,3,1).

Let z € B5(3,3,1) such that X;2% € P5+. By a direct computation, we see
that if X;22 ¢ £ := CUDU{s; : 1 <t < 52}, then there is a strictly inadmissible
monomial w which is given in one of Lemmas 3.2.2, 3.3.8 such that X;2% = wz?"
with suitable monomial z; € Ps, and v = max{j € Z : w;(w) > 0}. By
Theorem 2.7, X;2?2 is inadmissible. Since r = X;y? with y € B5(3,3,1) and z
admissible, z € £. Hence, QP5" (4,3, 3,1) is spanned by the set [£].

Set U = ([C]), V =([DU{s; : 1 <t < 52}]. Since v(z) =15 for all z € C
and v(z) < 15 for all z € D, we obtain U NV = {0}, hence QP; (4,3,3,1) =
U @ V. From Proposition 2.14 we have dim = 180. By a direct computation
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analogous to the one in the proof of Theorem 3.3.3 we can prove that the set
[DU{s; : 1 <t < 52}] is linearly independent in QP5(4,3,3,1). So, the theorem

is proved. O
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