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Abstract

Let R be a semiprime ring, I a nonzero ideal of R, D: RXx R — R a
symmetric bi-(a, a)-derivation, d be the trace of D and « an automorphism.
In the present paper, we shall prove that R contains a nonzero central

ideal if any one of the following holds: i) d([z,y], ) £ [z,¥],.. € Caas

ii)[d(z), d(y)],, - [Jc,y]aﬂ € Ca,a, iii)d((z o y)a’a) + (zo y)a’a € Cq,a,
W)(d(w) 0 0}, & (203, € Coos Vil 031, )l € Con
Vl)( ( ) (y)) a,a [l‘?y]a,a € Ca,a7 Vii)d([x7y]a,a) + (l‘ o y)a,a € Ca,a7
ViD)[A(@), d()] o n £ (70 ) € Carnr ¥ (2) d(y) £ [2,9o 0 € Care

(z
x)d (z)d
[d(2), ], o € Caa;
xiii d((woy o a) [d(z),y] € Ca,a, for all z,y € 1.

1 Introduction

(W)£@0Y)0 0 € Can, XD (@)oo € Conas xii)d ([2,1], 0 )

Throughout R will represent an associative ring with center Z. A ring R

is said to be prime if xRy = (0) implies that either x = 0 or y =

0 and

semiprime if zRx = (0) implies that * = 0, where x,y € R. A prime ring
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66 The Commutativity of Semiprime Rings With...

is obviously semiprime. For any z,y € R, the symbol [z,y] stands for the
commutator zy — yx and the symbol x o y stands for the commutator xy +
yr. o a mapping from R into itself. For any z,y € R, we write [z,y], ,
and (zovy), ,, for za(y) — a(y)z and za(y) + a(y)zr respectively. We set
Con={c € R| ca(z) = a(x)c for all 2 € R} and call (v, @)-center of R. An ad-
ditive mapping d : R — R is called a derivation if d(zy) = d(x)y + xd(y) holds
for all z,y € R. A mapping D(.,.) : R x R — R is said to be symmetric if
D(x,y) = D(y,x) for all z,y € R. A mapping d : R — R is called the trace of
D(.,.)if d(z) = D(z,x) for all z € R. It is obvious that if D(.,.) is bi-additive
(i.e., additive in both arguments), then the trace d of D(.,.) satisfies the iden-
tity d(z +y) = d(x) + d(y) + 2D(z,y), for all z,y € R. If D(.,.) is bi-additive
and satisfies the identities

D(zy, z) = D(x, 2)y + xD(y, 2)

and
D(z,yz) = D(x,y)z + yD(z, 2),

forall z,y, 2 € R. Then D(.,.) is called a symmetric bi-derivation. A bi-additive
mapping D(.,.): R x R — R is said to be bi-(a, o)-derivation if it satisfies the
identities

D(zy, z) = D(z, z)a(y) + a(x)D(y, z)

and
D(z,yz) = D(z,y)a(z) + a(y)D(z, 2),

for all z,y,2z € R. Of course a symmetric bi-(1, 1)-derivation where 1 is the
identity map on R is symmetric bi-derivation.

The study of commuting mappings was initiaded by a well-known theorem
due to Posner [9] which states that the existence of a nonzero commuting deriva-
tion on a prime ring R implies that R is commutative. A number of authors
have extended the Posner’s theorem in several ways. The notion of additive
commuting mapping is closely connected with the notion of bi-derivation. Ev-
ery additive commuting mapping F : R — R gives rise to a bi-derivation on R.
Namely, linearizing [F'(z), z] = 0, we get [F(z),y] = [z, F(y)] and we note that
the map (z,y) — [F(z), y] is a bi-derivation. The concept of bi-derivation was
introduced by Maksa in [7]. It is shown in [8] that symmetric bi-derivations are
related to general solution of some functional equations. Some results concern-
ing symmetric bi-derivations in prime rings can found in [11] and [12]. Typical
examples are mappings of the form (z,y) — Az, y] where A € C, the extended
centroid of R. We shall call such maps inner bi-derivations. It was shown in
[4] that every bi-derivation D of a noncommutative prime ring R is of the form
D(x,y) = Mz, y] for some A € C.

F is called strong commutativity preserving (simply, SCP) on S if [z, y] =
[F(z), F(y)], for all z,y € S. Derivations as well as SCP mappings have been
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extensively studied by researchers in the context of operator algebras, prime
rings and semiprime rings too. For more information on SCP, we refere [3], [5],
[1] and references therein.

On the other hand, in [6], Daif and Bell showed that if a semiprime ring R
has a derivation d satisfiying the following condition, then I is a central ideal;

there exists a nonzero ideal I of R such that
either d([z,y]) = [z,y] for all z,y € I or d([x,y]) = —[z,y] for all z,y € I.

This result was extended for semiprime rings in [2].

In this paper, we extend some well known results concerning of ideals in
semiprime rings with bi-(«, «)-derivation. Throughout the present paper, we
shall make use of the following basic identities without any specific mention:
i) [z, y2] = ylz, 2] + [z, ]2
i) [zy, 2] = [z, 2]y + zy, 2]

iil) zyoz = (voz)y + zly, z] = z(yoz) — [z, 2]y

iv) zoyz = y(xoz) + [x,y|z = (xoy)z + y|z, ]

V) [2y, 2] 0 = €[, 20 o + 2 2(2)]y = 2ly, a(2)] + [2, 2], 0¥

vi) [z, 2] o = a(y) (2, 2] o + [, 9] 4,0 @(2)

vil) (220 Y)a,a = (20 Y)a,a — (&, a(y)]z.

2 Results

Lemma 2.1. [6, Lemma 2 (b)] If R is a semiprime ring, then the center of a
nonzero ideal of R is contained in the center of R.

Lemma 2.2. [10, Theorem 2.1] Let R be a semiprime ring, I a nonzero two-
sided ideal of R and a € I such that axa =0 for all x € I, then a = 0.

Lemma 2.3. Let R be a semiprime ring, I a nonzero ideal of R and o an
automorphism. If [I,I]q o = (0), then R contains a nonzero central ideal.

Proof. By the hypothesis, we have
[, Y]la,a =0, forall z,y € I.

Replacing x by zz, z € I in this equation and using this equation, we obtain
that
x|z, a(y)] =0, for all x,y,z € I,

and so
I[z,a(y)] =0, forall y,z € I.

By Lemma 2.2, we get

[z,a(y)] =0, forall y,z € I.
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Thus, we obtain that «(y) € Z, for all y € I by Lemma 2.1. Since « is an
automorphism, we get I C Z. We conclude that R contains a nonzero central
ideal. This completes the proof. O

Lemma 2.4. Let R be a semiprime ring, I a nonzero ideal of R and o an
automorphism. If [I,1], . C Cq,q, then R contains a nonzero central ideal.

Proof. By the hypothesis, we see that
[, 9]0 € Casa, forall z,y €l
Replacing 2 by za(y) in the last expression and using this, we have
[2,Ylp.0 ¥(y) € Caa, forallz,y € L.

That is

[[x, Yo @), 7 =0, forall z,y € I,7 € R.
Using the hypothesis in the last equation, we get

[2,Ylao la(y),a(r)] =0, forall z,y € I,7 € R.

and so
[, Y] g o1 Ylgo =0, forallz,y e I,r € R.

Taking r by 7z in the last equation and using this, we see that
[z, y]aa a(r) [z, y]aa =0, forallz,y € I,r € R.
Since « is an automorphism, we have
[ Yo B2, 4]y o =0, forallz,y el
By the semiprimeness of R, we see that
[, Y]la,a =0, forall z,y € I.

By Lemma 2.3, we obtain that R contains a nonzero central ideal. This com-
pletes the proof. |

Lemma 2.5. Let R be a semiprime ring, I a nonzero ideal of R and o an
automorphism. If (Io1), , C Ca o, then R contains a nonzero central ideal.

Proof. By the hypothesis, we get
(zo y)aa € Cua, forall z,y € I.
Replacing x by za(y) in the last expression and using this, we obtain that

(£0Y)yq(y) € Caa, forallz,yel.



E. Kog¢ SociTcti aND O. GOLBASI 69

This implies that
(oY) y0),T]ae =0, forallz,yel,reR.
Using the hypothesis, we get
(oY) g.olay),a(r)] =0, forallz,y € I,r € R.
Since « is an automorphism, we have
(0Y)yolaly),r] =0, forall z,y € I,r € R. (1)
Replacing = by rz in the above expression, we get
r(zoy), o [ay),r] = [r a(y)lzlaly), r] = 0.
Using equation (2.1), we find that
Ir, a(y)lefa(y), r] = 0.
Replacing r by z, z € I in this equation, we get
[z, a(y)]| [z, a(y)] = (0),for all y, z € I.

By Lemma 2.2, we have [z, a(y)] = (0), for all y,z € I. Since « is an auto-
morphism, we see that y € Z, for all y € I by Lemma 2.1. That is I C Z. We
conclude that R contains a nonzero central ideal. This completes the proof. O

Theorem 2.6. Let R be a 2—torsion free semiprime ring, I a nonzero ideal of
R, D: Rx R — R a symmetric bi-(«, a)-derivation, d be the trace of D and
a an automorphism. If d([z,Y]a.a) £ [T, Yla.a € Ca,a, for all z,y € I, then R
contains a nonzero central ideal.

Proof. By the hypothesis, we get
d([z,Yla,e) £[2,Yla,a € Ca,a, forall z,y € I.
Replacing y by y + z, z € I in the above expression, we have
d([z,yla.a) + d([z; Z]a.0) + 2D([2, Yla,as [7, 2]a.a) £ [2,Ylaa £ (2, 20,0 € Caa-
Using the hypothesis and R is 2—torsion free, we obtain that
D([z,Yla,a: [T, Z]a,a) € Caa, forall z,y, z € L.
Taking z by y in last expression, we have

D([xa y]a,a, [xa y]OhOl) € CO&,O&;
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and so,
d([z,Yla,a) € Ca,a,for all z,y € I.

Using the hypothesis, we arrive at
[, Y]a,a € Co.a, forall z,y e I.

By Lemma 2.4, we obtain that R contains a nonzero central ideal. This com-
pletes the proof. O

Theorem 2.7. Let R be a 2—torsion free semiprime ring, I a nonzero ideal of
R, D: Rx R — R a symmetric bi-(«, a)-derivation, d be the trace of D and «
an automorphism. If [d (), d(y)]aa + [x,y]aa € Co,a, forallx,y e I, then
R contains a nonzero central ideal.

Proof. By the hypothesis, we have
[d(z),d(Y)]g0t[2,Yly0 € Ca,forall z,y € 1.
Writting y by y + z, z € I in above expression, we get
[d(z),d(y) +2D(y,z) +d(2)], o £ [,y + 2], o € Caa;
and so

[d(2),d(y)]a.a+2[d(@), D(y; 2)la,a + [d(2), d(2)], [T, Yoo+ [z, 2]

)

€ Co,a-

a,a >

Using the hypothesis and R is 2—torsion free, we obtain that
[d(z), D(y, 2)]a,a € Ca,a, forall z,y,z € I.
Taking z by y in this expression, we get
[d(z), D(y,Y)]a,a € Ca,a, forall z,y € I.

That is
[d(x)a d(y)]oé,a € Caa, forallzm,y € I.

Using this expression in the hypothesis, we have
[,9] .0 € Cavsa, forall z,y € 1.

Hence, we conclude that R contains a nonzero central ideal by Lemma 2.4.
This completes the proof. O

Theorem 2.8. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, D: Rx R — R a symmetric bi-(«, «)-derivation and d be the trace of D
and a an automorphism. If d((xoy), ) £(* o Y)aa € Ca,a, forall z,y eI,
then R contains a nonzero central ideal.
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Proof. We get
d((x0Y)pa) £(@0Y), o € Casa, foralla,yel
Replacing y by y + 2z, z € I in this expression, we have
d((x 0 y) 4 o) Fd((7 0 2)y o) +2D((T oY)y o (X0 2) o) E(T oY) W E(202), o € Caan

Applying the hypothesis, we obtain that

2D((20Y)y.0: (02),.4) € Caa
Writting z by y, we have
d((z°Y),.,) € Caa, foralla,yel.
Using this equation in our hypothesis, we see that

(£0Y) g0 € Cara, forallz,y el

By Lemma 2.5, we conclude that R contains a nonzero central ideal. This
completes the proof. O

Theorem 2.9. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, a an automorphism, D : R X R — R a symmetric bi-(«, o)-derivation, d
be the trace of. If (d(x)od(y)), Lt (®xoy), , € Caa forallxz,yel, then R
contains a nonzero central ideal. 7

Proof. By the hypothesis, we get
(d(@) 0 d(y) .ot (@0Y), o € Casa, forallz,y el

Taking y by y + 2z, z € I in the hypothesis, we see that
(d(x) 0 d(y)) 4,0t (d(z) 0 d(2)), o2 (d(z) 0 D(Y, 2)) o E(T 0 Y), fE(T02), , € Caa-
Appliying the hypothesis and R is 2—torsion free ring, we get

(d(z) 0 D(y, 2)) 4.0 € Carya, forall w,y,z € I.
Replacing z by y, we have

(d(z) 0 d(y)) .0 € Ca,a, forallz,y € I.
From our hypothesis, we see that
(zo y)aa € Cua, forall z,y € I.

By Lemma 2.5, we have R contains a nonzero central ideal. The proof is
completed. O
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Theorem 2.10. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, a an automorphism, D : R x R — R a symmeltric bi-(«, a)-derivation
and d be the trace of D. If d((x0y), ) £ [,Yly 0 € Caar for all z,y € I,
then R contains a nonzero central ideal.

Proof. By the hypothesis, we get
d((zoy),.) £z, yl, , € Caa,forall z,yel.

Taking y by y + z, z € I, we have
A((@ 0 9) 0 4@ 0 )y )F2D((T 0 )+ (@0 2) )T Yo ol 2] € Clrr
Using the hypothesis, we find that

2D((z o y) (xo02),,) € Caa,forallz,y,z €l

o, ?
Since R is 2—torsion free and replacing z by y in this expression, we have
D((z0Y) 0+ (T°Y)ya) € Casa, forall w,y €1,

and so,
d((r0Y)y o) € Caarforall z,y € 1.

By our hypothesis, we see that
[,9], o € Ca,a,forall z,y € I.
We obtain that R contains a nonzero central ideal by Lemma 2.4. O

Theorem 2.11. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, a an automorphism, D : R x R — R a symmeltric bi-(«, a)-derivation
and d be the trace of D. If (d(2) 0 d(y)) g 0 £ [%,Ylg.0 € Caras for all z,y €1,
then R contains a nonzero central ideal.

Proof. We get
(d(@) 0 d(Y)) .0 £ 7, 9]y o € Casa,forall z,y € I.
Writting y by y + 2,z € I, we have
(d(@) 0 d(y)),, o H(d(x) 0 d(2)), 12 (A(x) 0 D(y, )y w2 e, 8], w2, 7], o € Covo
Applying the hypothesis and R is 2—torsion free, we obtain that
(d(z) 0 D(y,2)) 4.0 € Casasforall w,y, 2 € I.
Taking z by v in the last expression, we have

(d(z) 0 d(y)) .0 € Caya, forallz,y € I.
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Using this equation in our hypothesis, we see that
[,9], o € Ca,a,forall z,y € I.

By Lemma 2.4, we obtain that R contains a nonzero central ideal. This com-
pletes the proof. O

Theorem 2.12. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, a an automorphism, D : R x R — R a symmeltric bi-(«, «)-derivation
and d be the trace of D. If d([z,yl, ,) £ (x0Y), 4 € Cay, forall z,y € I,
then R contains a nonzero central ideal.

Proof. We get
d([7,9]4.0) T (@0Y)y 4 € Casa, foralla,y e L.

Replacing y by y + z, z € I in this expression, we have

)

A, Y] o)+, Y ) 42D, Y, 2] ) £ (@ 09) g (20 2), € oo
By the hypothesis, we get
2D([x, y]aa [, z]aa) € Cua, forall z,y,z € I.
Since R is 2—torsion free and taking z by y in the above expression, we have
d([z,9], o) € Ca,a, forallz,y € I.
Our hypothesis reduces that
(0Y) .0 € Caa, forallz,y € I.
By Lemma 2.5, we conclude that R contains a nonzero central ideal. O

Theorem 2.13. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, a an automorphism, D : R x R — R a symmeltric bi-(«, a)-derivation
and d be the trace of D. If [d (z),d(y)] 4 o £ (£0Y) 4 o € Caras forallz,y €I,
then R contains a nonzero central ideal.

Proof. Using our hypothesis, we have
[d(z),d¥)]p0t (@0Y)ya € Ca,asforall z,yel.
Writting y by y + 2z and R is 2—torsion free, we get

[d(2),d(y)]q,at2[d(@), Dy, 2)], o Hd(@), d(2)]g o E (2 0 Y) o o (2 0 2), 4 € Caa

)

Using the hypothesis, we have

[d(x), D(y, z)]aa € Co,a,forall z,y,z € I.



74 The Commutativity of Semiprime Rings With...

Taking z by y in this expression, we find that
[d(x)a D(ya y)]a o S Coz,oz, for all €,y € I,

and so
[d(2),d(y)] .0 € Caa,forall z,y € I.

By our hypothesis, we have
(JZ 0 y)oz,oz € Coz,oz; forall z,y € I.

We get the required result by Lemma 2.5. O

Theorem 2.14. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, a an automorphism, D : R x R — R a symmeltric bi-(«, a)-derivation
and d be the trace of D. If d(x)d (y) + [x,y], , € Ca,a for all x,y € I, then
R contains a nonzero central ideal. 7

Proof. We get
d(z)d(y) £ [z, Y], o € Caa, foralla,yel.
Taking y by y + z, z € I, we have
d(z)(d(y) +2D(y, 2) +d(2)) £ [z, 9], o £ [7,2], o € Casa,foralz,y 2 €I
By the hypothesis, we obtain that
2d(z)D(y, z) € Cq o, for all x,y, z € L.
Since R is 2—torsion free, we get
d(z)D(y, z) € Cq,q, forall z,y,z € I.
Replacing z by y in the last expression, we see that
d(z)d(y) € Cu,a,forall z,y € I.
Using the hypothesis, we have
[z, y]aa € Cua,forallz,yel.

By Lemma 2.4, we obtain that R contains a nonzero central ideal. O

Theorem 2.15. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, a an automorphism, D : R x R — R a symmeltric bi-(«, a)-derivation
and d be the trace of D. If d(z)d (y) £ (xoy), , € Caa forallxz,y € I, then
R contains a nonzero central ideal. 7
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Proof. We see that
d(z)d(y) £(r0Y), 4 € Ca,a, forallz,yel
Taking y by y + z, z € I, we have
d(x)(d(y) +2D(y,z) +d(z)) £ (z0y), ,E(¥02), , € Coaforalla,y,z €1
By the hypothesis, we obtain that
2d(z)D(y, z) € Cq o, for all z,y, z € L.
Since R is 2-torsion free, we have
d(z)D(y, z) € Cq,q, forall z,y,z € I.
Writting z by y in the last equation, we get
d(z)d(y) € Cy o, forall z,y € I.
Using this in our hypothesis, we find that
(0Y)y.0 € Caya,foralla,y el

We conclude that R contains a nonzero central ideal by Lemma 2.5. The proof
is completed. O

Theorem 2.16. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, « an automorphism, D : R X R — R a symmetric bi-(«, a)-derivation,
d be the trace of D and o(I) C I. If [d(x),Yl,. o € Ca,as for all z,y € I, then
[d(z),z], =0, forallz el

Proof. By the hypothesis, we get
[d(2), Y]y 0 € Casa, forall z,y € 1.
Replacing y by yz in the hypothesis, we have
[d(2), Yo, @(2) + a(y) [d(2), 2], o € Ca,a, forall z,y,z € 1.

Commuting this term with 7,7 € R, we get

[[d(x), Yoaalz) +a) [d), 2y 0.r| =0

a,a

Expanding this equation and using the hypothesis, we arrive at

[d(2), Y], o [a(2), a(r)] + [a(y), a(r)] [d(2), 2], , = 0, for all 2, y,z € I, 7 € R.

)
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Replacing r by z in the last equation, we obtain that
la(y), a(2)] d(2), 2], , =0, for all z,y, = € I.
Taking y by ty,t € R in above equation, we see that
[a(t), a(2)]a(y) [d(x), 2], , = 0, for all z,y,2 € I, 7t € R.

Since « is an automorphism, we have

[t, a(2)]a(y) [d(z), z]aa =0, forall x,y,z€ I,r,t € R.
That is,

[t z]aa a(y) [d(x), z]aa =0, forall x,y,z € I,r,t € R.
Replacing t by d(z), we get

[d(2), 2], @(y) [d(z), 2], , =0, forallz,y,z € I.
This implies that
[d(x), z]aa V [d(z), z]aa =0, forall z,y,z € I,
where a(I) = V is a nonzero ideal. By Lemma 2.2, we have
[d(x), z]aa =0, forall xz,z € I.

In particular, we get [d(z), x]aa =0, for all x € I. The proof is completed. O

Theorem 2.17. Let R be a 2—torsion free semiprime ring, I a square-closed
Lie ideal of R, « an automorphism, D : R x R — R a symmetric bi-(a, a)-

derivation, d be the trace of D and o(I) C I. If d ([x,y]aa) +[d(2),Yly.0 €
Co,a, for all z,y € I, then [d(x), x]aa =0, forallz € I.

Proof. By the hypothesis, we have
d ([x, y]aa) + [d(2),Yl, o € Caa, forallz,y e 1.

Writting y by y + 2,2 € I, we get

@ (12, Yo o) +(0, 2] ) F2D([2, Y] s [0 2], o) £ [(@), 01,

Using the hypothesis and R is 2—torsion free, we see that

D([x,y]aﬂ [z, z]aa) € Cua, forall z,y € 1.
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Replacing y by z in the last expression, we have
D([z,9] .05 [%:Y]0.0) € Casar forall z,y € 1.

That is,
d([z,9], o) € Ca,a, forallz,y € I.

From our hypothesis, we have
[d(z),yl, o € Caa, forall z,y € I.

By Theprem 2.16, we conclude that [d(z),y], , =0, for all z,y € I. In partic-
ular, we get [d(x),z], , =0, for all z € I. The proof is completed. O

Theorem 2.18. Let R be a 2—torsion free semiprime ring, I a nonzero ideal
of R, « an automorphism, D : R X R — R a symmetric bi-(«, a)-derivation, d

be the trace of D and «(I) C I. If d ((x o y)aa) +[d(2),Ylp.0 € Casa » for all
x,y € I, then [d(x), x]aa =0, forallz € I.

Proof. We assume that
A ((#0)a) +d(®), Yoo € Casar forall o,y € 1.

Replacing y by y + 2,z € I, we get

A ((209)aa)+d ((@02)00) 2D 0 ) (0 2), ) (), 1],
Using the hypothesis and R is 2—torsion free, we have
D((z oY)y u:(@02),,) € Cas-
Writting y by z in the last expression, we get
D((z0Y)y s (T0Y)a) € Casa, forallz,yel,

and so,
d ((x o y)aa) € Z, forall z,y € I.

Using this equation in our hypothesis, we find that
[d(2), Y] 4.0 € Cara, forall z,y € 1.

We conclude that [d(z),y], , = 0, for all z,y € I by Theorem 2.16. In partic-
ular, we get [d(x),z], , =0, for all z € I. The proof is completed. O
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