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Abstract

In this paper, we consider a mixed boundary value problem to a p(x)-
Laplacian equation. More precisely we consider the problem with the
Dirichlet condition on a part of the boundary and the Steklov boundary
condition on an another part of the boundary. We show the existence
of at least two nontrivial weak solutions under some hypotheses on the
data and parameters.

1 Introduction
In this paper, we consider the following problem
—div [S(z, | Vu?)Vu] 4+ a(z)|u|P®2u = A\f(z,u) in Q,

u=0 on I'y, (1.1)
Si(z, |Vu|2)g—z = pg(z,u) on Ty,
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mixed boundary value problem.
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where Q C RY (N > 2) is a bounded domain with a C%!-boundary I, S(z, )
is a Carathéodory function satisfying some structure conditions, a(x) is a mea-
surable function on 2 satisfying

0<a.<a(zr) <a" <ooforaezce, (1.2)
T'y and I'; are disjoint open subsets of I' such that
T Uy =T and I'y # 0, (1.3)

and n denotes the unit, outer, normal vector to I'. Thus we impose the
mixed boundary conditions, that is, the Dirichlet condition on I'; and the
Steklov condition on I's. The functions f(z,t) and g(z, t) are given real valued
Carathéodory functions defined in 2 X R and I'; x R, respectively, and A\ and p
are parameters. When S(z,t) = ﬁt”(‘”), the operator div [Sy(x, | Vu|?)Vu] in
the left-hand side of the first equation of (1.1) is the, so called, p(x)-Laplacian
operator A, u = div (|Vu[P®~2Vu), where p(z) > 1.

The study of such type of differential equations with p(x)-growth conditions
is a very interesting topic recently. Such problem stimulates its application in
mathematical physics, in particular, in elastic mechanics (cf. Zhikov [25]), in
electrorheological fluids (cf. Diening [7], Halsey [13], Mih&ilescu and Rédulescu
[17], Ruzicka [18]).

Over the last two decades, there are many articles on the existence of weak
solutions for the Dirichlet boundary condition, that is, in the case I's = ) in
problem (1.1), (for example, see Fan [9], Fan and Zhao [10], Avci [4], Yiicedag
[21]). On the other hand, for the Steklov boundary condition, that is, in the
case I'y = ), for example, see Ji [14], Wei and Chen [19], Yiicedag [22], Allaoui
et al [1], Ayoujil [5], Deng [6].

To the best of our knowledge, we can not find any problem with the mixed
boundary condition in variable exponent Sobolev space as in (1.1) except the
case p(z) = p = const. in Zeidler [23], so we are convinced of the reason for
existence of this paper.

Under some assumptions on given functions f and g in problem (1.1), we
show the existence of at least two nontrivial weak solutions according to the
values of parameters A and p (cf. Theorem 3.1). In order to do so, we use the
direct method of calculus of variation in this paper.

The paper is organized as follows. Section 2 consists of three subsections. In
subsection 2.1, we recall some results on variable exponent Lebesgue-Sobolev
spaces. In subsection 2.2, we introduce a Carathéodory function S(z,t). In
subsection 2.3, we set a problem rigorously and the properties of associated
functionals. In Section 3, we state the main theorems on the existence of at
least two nontrivial weak solutions for problem (1.1). Section 4 devotes the
proof of the main theorem.
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2 Preliminaries

Throughout this paper, we only consider vector spaces of real valued func-
tions over R. For any space B, we denote B by the boldface character B.
Hereafter, we use this character to denote vectors and vector-valued functions,
and we denote the standard inner product of vectors @ = (aq,...,an) and
b= (by,...,bx) inRY by a-b=" ab; and |a| = (a- a)'/2.

2.1 Basic properties of variable exponent Lebesgue and
Sobolev spaces LP0)(Q), W1PO(Q).

In this subsection, we recall some results on variable exponent Lebesgue-Sobolev
spaces. See [10], Diening et al. [8], Kovacik and Récosnic [15] and references
therein for more detail. Let Q be a bounded domain in RY (N > 2) with a
C%Lboundary T. Write C,(Q) = {p € C(Q);p(x) > 1 for all z € Q}, and let

p" = maxp(z) and p~ = minp(z) (> 1) for p € C(Q).

e e
The variable exponent Lebesgue space is defined by

L”(')(Q):{u; u: Q) — R is a measurable function satisfying/ lu(z)|P@) dz <oo} .
Q

We introduce the Luxemburg norm on LP()(Q) by

p(z)
lull o) () = inf {)\ > O;/ @ dr < 1} )
Q

Then (LPC)(Q), ]| - | Lo ()) becomes a Banach space. The conjugate space of
LPO) () becomes LP' ()(£2), where ﬁ+p,%—r) = 1. Amodular p,(.y : LPO)(Q) —
R is defined by

Pp()(u) = / lu(x)[P@dx for u e LPO(Q).
Q
The following propositions are well known (see Fan et al. [12], [19], Fan and
Zhao [11], Zhao et al. [24], [21]).

Proposition 2.1. Let u,u, € LP)(Q) (n=1,2,...). Then we have
() Nl ooy < 1= 1, 1) <= ppy (1) < 1(=1,> 1).

. - +
(i) ull sy > 1= 0l ) < 2ot (@) < [ulli-
+ -
(ili) [Jullprer o) <1 = HUHZ(-)(Q) < ppy(u) < H“”ip(-)(n)'

. - + -
Hence min[ull?,c, g [l g} < ooy (0) < max{lull el -
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(iv) limy o0 [[un — ull Lrer o) = 0 = limy o0 pp() (un — u) = 0 <= {un}
converges to u in measure in  and lim, o0 pp)(Un) = pp(y (u).
(V) llunll ooy (@) — 00 as n — 00 <= pp(y(un) — 00 asn — oo.

Let ¢ € CL(T) :={q € C(T");q(z) > 1 on T'} and denote the surface mea-
sure on I' by do. We define

LO(r) = {u; u: I' — R is measurable with respect to do

satisfying /|u(x)|‘1(‘"”)dcr < oo}
r
and the norm is defined by

a(z)
[l Lac)(ry = inf {)\ > 0;/ do < 1} ,
r

and we also define a modular p,()r on LiO)(T') by

u(a)
A

pao () = / ()7 do.

Proposition 2.2. We have the following.
@) lull Laerry =2 1= H“HqL_q(-)(p) < pg(,r(u) < H“Hq;;(-)(r)-
(ii) HU’HL‘I(')(F) <l= H“HqLJ;(-)(r) < pg(y,r(u) < H“HqL_q(-)(r)'
The following is a generalized Holder inequality.

Proposition 2.3. Let p € C (). For anyu € LPO)(Q) and v € LY ) (Q), we
have

/ uvdx
Q

Since LPO)(Q) € LL.(R), every function in LP()(Q) has a distributional

loc
(weak) derivatives. The variable exponent Sobolev space W1P()(Q) is defined

by

1 1
< (p—_ n p—+) el oo a2l 2oy < 2l oy lloll oo
(2.1)

WhPO(Q) = {u € LPV)(Q); Vu e LV (Q)},

where V is the gradient operator, equipped with the norm

p()
lullwree @) = inf{)\ > 0;/ ( u) ) dz < 1} .
Q

x
A

A
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Define

(@) = { 2 if p() < N,

00 if p() > N

and

(N-1pl)
22 () = N_ip(z;) if p(z) < N,
00 if p(x) > N.

Proposition 2.4. (i) The spaces L) (Q) and WP (Q) are separable, re-
flexive and uniformly convexr Banach spaces.

(i) If q(z) € C+ () satisfies q(x) < p*(x) for all z € Q, then the embedding
mapping WP (Q) — LIO(Q) is compact.

(iii) If q(x) € C(T) satisfies q(x) < p°(x) for all x € T, then the trace
mapping WP (Q) — LT is compact. In particular, the trace mapping
Wr()(Q) — LPO(T) is compact and there exists a constant C > 0 such that

||u||LP(')(1") < CH“HWM(-)(Q) Joru € W“’“(Q)-
Let I'; and Ty be satisfy (1.3). For p € C(Q), define
LPO(T)) = {v;v: 1 — R is measurable with respect to do
and there exists v € LP()(T) such that u = v on I';}
with the norm
0]l Loy (ryy = Inf{ || wll Lo (ry; w € LPO(T) and uw = v on T'; }.
Clearly, the restriction mapping LP()(I') — LP()(T;) is continuous, so
WLP(')(Q) N LP(')(F) N Lp(~)(p1),

where the symbol < denotes that the embedding mapping is continuous, and
there exists a constant C' > 0 such that

[l o> 0y < 0l oo ) < Cllvllwme ) for all v € WHPO(Q).

Define a space
X ={vew'O(@Q);v=0o0nT}. (2.2)

Then it is clear to see that X is a closed subspace of W1P()(Q), so X is a
reflexive and separable, uniformly convex Banach space. We define the norm

[ollx = [Vl geer (o) forve X

which is equivalent to [|v[|yy1.00) () according to the following Poincaré type
inequality.
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Proposition 2.5. Let Q) be a bounded domain with the boundary U satisfying
(1.3). Then there exists a constant C > 0 such that

[Vl L) @) < ClIV| Lo () for allv € X.

Proof. If the conclusion does not hold, there exists a sequence {v,} C X such
that [[vn | re)o) = 1 and [[Vou| re) o) < 1/n. Then {v,} is bounded in X.
Since X is a reflexive Banach space, there exists a subsequence {v,, } of {v,}
and v € X such that v,, — v weakly in X, v,, — v weakly in L”()(Q) and
Vo, — 0 strongly in LP)(Q). Since v,, — v in D'(2), we have Vu,, — Vv
in D'(R2). Hence Vv = 0 in D'(2). Thereby v = const.. Since v vanishes on
I'1(#£ 0), we have v = 0. Therefore, v, — 0 weakly in X. Since p(z) < p*(x),
the embedding X — LP()(Q) is compact. Hence v,, — 0 strongly in L) (Q).
This contradicts [[vp, || Lre) (@) = 1. O

2.2 A Carathéodory function

Let p € C(Q) be fixed. Let S(x,t) be a Carathéodory function defined on
Q x [0,0), and assume that for a.e. z € Q, S(z,t) € C*((0,00)) N C([0,0))
satisfies the following structure conditions: there exist positive constants 0 <
sy < 8% < oo such that for a.e. x € Q

S(z,0) = 0 and s,t®P@=2/2 < G (1) < s*tP@=2/2 for ¢ > 0. (2.3a)
5, tPE=D/2 < G (1) + 268y (2, 1) < s*tP@=2/2 for ¢ > 0. (2.3b)
Sit(z,t)< 0 whenl < p(x) < 2 and Sy (z,t) > 0 when p(x) >2 for ¢ > 0, (2.3¢)

where S; = 9S/0t and Sy = 0%S5/0t%. We note that from (2.3a), we have

2 2
— 5, P2 < S(x,t) < ——s*tP@/2 for £ > 0. (2.4)
p(x) p(x)

We introduce two examples. When S(z,t) = V(x)Tlr)tp(‘"”)/Q, where v is a
measurable function in  satisfying 0 < v, < v(z) < v* < oo for a.e. in 2, the
function S(z,t) satisfies (2.3a)-(2.3c). In particular case v = 1, this example
corresponds to the p(x)-Laplacian operator. As an another example, we can
take

o) = { aeVt4a fort>0,
a for t =0,

where @ > 0 is a constant. Then we can see that S(z,t) = 1/(x)g(t)ﬁtp(‘"”)/2
satisfies (2.3a)-(2.3c) if p(z) > 2 for all x € Q, (cf. Aramaki [3]).
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2.3 Setting of the problem

We consider problem (1.1). Throughout this paper, we suppose the following

(fo) and (go).
(fo) Let f:Q xR — R be a Carathéodory function satisfying

|f(x,t)] < C1 4 Caolt|*™® =" for ae. z € Q and all t € R,

where Cy and Cy are non-negative constants, v € C1(Q) and a(z) < p* () for
all z € Q.
(g0) Let g : s x R — R be a Carathéodory function satisfying

lg(z, )] < Dy + Dy|t|?@ =1 for a.e. 2 €'y and all t € R,
where D; and D, are non-negative constants, 3 € C(T2) and B(z) < p°(x)

for all z € T5.
Define

¢
F(x,t) = / f(x,s)ds for a.e. z € Q and t € R, (2.5)
0

¢
G(z,t) = / g(x,s)ds for a.e. x € T and t € R. (2.6)
0

Now we give the notion of weak solutions for problem (1.1).

Definition 2.6. We say u € X is a weak solution of problem (1.1), if
/ Sy (x, |Vul?)Vu - Vode + / a(z)|uP®~ 2uvda
Q Q
= )\/ f(z, uw)vdx + ,u/ g(x,w)vdo for allv e X. (2.7)
Q I

We solve problem (1.1) by the direct method of calculus of variation. For
this purpose, we consider the following functional on X defined by

I(u) = ®(u) — N (u) — uK(u), (2.8)

Bu) = /S’x Vu(z )dx+/ %m(@w%x, (2.9)
Ju) = /Q P, u(z))dz, (2.10)
K(u) = G(z,u(x))do. (2.11)

s
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If ®, J,K € C'(X,R), that is, ®, J and K have continuous Gateau derivatives,
we can easily derive

(I' (u),v) = /QSt(x, |Vu|2)Vu-Vvdx—|—/ﬂa(x)|u|p(‘"”)_2uvdx

— )\/ fz, uw)vde — ,u/ g(x,u)vde for all u,v € X, (2.12)
Q P

where (-, -) denotes the duality bracket between X* and X, and I’ : X — X*
is the Fréchet derivative of I. Thus if u € X is a critical point of I, that is,
I'(u) = 0, then u satisfies (2.7), so u is a weak solution of problem (1.1).

Now we give the properties of the functionals ®, J and K defined by (2.9),
(2.10) and (2.11).

Proposition 2.7. Let p € C (). Assume that (fy) and (go) hold. Then we
can see that the following properties are satisfied.

(i) We can see that ®,J, K € C'(X,R).

(ii) The functional ® is sequentially weakly lower semi-continuous. The
mapping ® : X — X* is a strictly monotone, bounded on each bounded subset
of X, homeomorphism, and of (S4)-type, namely, if u, — uw weakly in X and
lim sup,, _, o (P (un ), up, — u) <0, then we have u, — u strongly in X.

(iii) The mappings J', K' : X — X* are sequentially weakly-strongly contin-
uous, that is, if u, — u weakly in X, then J'(u,) — J'(u) and K'(uy,) — K'(u)
strongly in X*, so the functionals J, K : X — R are sequentially weakly con-
tinuous,

For the proof, see [10], [14, Proposition 2.5].

3 Statement of the main theorem

In this section, we state the main theorem on the existence of at least two
nontrivial weak solutions to problem (1.1) rigorously. In order to do so, we
assume the following.

(f1) (fo) holds with o € C(Q) satisfying p(z) < a(z) < p*(x) for z € Q
and pT < a_.

(g1) There exists a positive function g(z) € L>°(T'2) on I'y such that

= g(2)|t|?®) 2t for 2 € T3 and all ¢ € R,

~—

g(z,t
where 8 € C,(Ts), B(z) < p?(x) for x € Ty and BT < p~.
Clearly (f1) and (g1) are more stronger than (f) and (go), respectively.

(f2) lim;—g HJI"S(% = 0 uniformly in z € Q.

—~

*
S

(f3) There exists ¢ > max{s*,%}p+(> pt) such that the inequality
qF (z,t) < f(x,t)t holds for all (z,t) € Q x R.
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(f1) infeq jtj=1 F'(2,t) > 0.
We are in a position to state the main theorem.

Theorem 3.1. Let Q be a bounded domain in RN with a C%'-boundary T
satisfying (1.3) and a function a(z) a measurable function in Q satisfying (1.2).
Moreover, we assume that (f1)-(fa) and (g1) hold. Then for any \* >0, there
exists u* > 0 such that for any 0 < XA < \* and 0 < p < p*, problem (1.1) has
at least two nontrivial weak solutions.

4 Proof of Theorem 3.1

According to (f2), for any € > 0, there exists § = d(¢) > 0 such that
|f(x,t)] < elt|P™ ! for any x € Q and |t| < 6.

From (f1), for [t| >4,

reoi<a ()

Summing up, there exists a constant C. > 0 such that

a(z)—1

Ch

+ Gl < (W

+ 02> SR

|f(@, )] < elt|P@ =1+ C)t]*® = for all (z,t) € Q x R.
Therefore,

@ o &|t|a(r)

(@0l = @) ()

<

/Ot f(x,s)ds

< S 4 Qi|t|"‘(‘”) for all (z,t) € Q x R. (4.1)
P «

Hence we have, for u € X,

C
/F(x,u)dxg i_/ Ju|P@dz 4 —f/ lu|*@dz. (4.2)
Q P Ja @ Jo
Moreover, from (g1), we have

G, u)do < lgll o (rs)

ﬂ(r)da' 4.3
u . .
'y ﬁ 'y | | ( )

Lemma 4.1. For any \* > 0, there exist p,co, u* > 0 depending on \* such
that for any 0 < A < X* and 0 < p < p*, we have

I(u) > ¢q for allu € X with ||ul|x = p.
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Proof. From (2.4), (1.2), (4.2) and (4.3), we can derive

* * A*
I(u) 8_/ |V“|p(r)dx+g_+/ |ulP®da — p—_s/ |ulPda
Q Q Q

p+
= (—JE / |u @ g — Mﬁw lul?@do.  (4.4)
(0% Q 6 T

Choose € > 0 so that a,/pt = M\e/p~. Since X — L*O(Q) and X —
LA0)(Ty), there exists a constant C; > 1 such that

lull Locr (@) < Cillullx and [JullLsc)r,) < Crllullx.

Let us choose ||ul]|x < 1/C1(< 1). Then by Proposition 2.1 and 2.2,
[ e < e < OF

| o < ull ey < O llullx -
2

Thus it follows from (4.4) that

pllglz=n €Y

Sx +NCOY -
I(u) > 22jjullf — 2220 )iy T . (45)
p 54
We define -
( 8 a- >1/(Oé -2
= min )
p 2t N C.O Ch
We note that
P _pt Sx -

< —.
= 2pt  A\C.CY

When ||u||x = p, from (4.5), we can derive

e
5. ot MlgllLen)Cr 4
I(u) > —pp" — BRZIEEUR)L 67
(u) > 2p+p” i P
Define 3
" Sk - +_g-
w = S

20 2llgll i) CY
Then for 0 < p < p*, we have

Sx +

s

I(u) > ¢p := ypes

Thus the lemma is proved. O
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Lemma 4.2. There exists e € X such that ||e|]|x > p and I(e) < 0.
Proof. For each (z,t) € Q x R, define
m(r)=7"9F(x,7t) — F(x,t) for 7 > 1.
It follows from (f3) that
V(1) = 779N (f(w, Tt)Tt — qF (x, 7)) > 0 for 7 > 1.

Thus ~ (7) is increasing on [1,00), so y1(7) > 1 (1) for 1 < 7 < oo. Therefore,
we have

F(x,7t) > 79F (x,t) for all (xz,t) € Q xR and 7 > 1. (4.6)
By (f4), there exists a non-negative function ¢ € C§°(£2) such that ¢ # 0 and
/ F(z,p)dz > 0.
Q
For 7 > 1, it follows from (4.6) that

fee) = [ (35 1rve)+ 25 1ol ) ds

A | F(z,ro)dz—p | G(z,79)do
Q I

IN

S—_Tp+/ |V<p|p(r)dx+a—_7p+/ |<p|p(‘"”)dx—)\7'q/F(x,<p)dx.
p Q p Q Q

Since ¢ > p*, A > 0and [, F(z, ¢)dx > 0, we see that I(1¢) — —oc as 7 — oo.
Hence there exists 79 = 7(\) > 0 such that ||70p||x > p and I(79p) < 0. It
suffices to put e = . O

Lemma 4.3. The functional I satisfies the Palais-Smale condition, that is, if
{un} C X satisfies I(un) — c € R and I'(u,) — 0 in X* asn — oo, then {uy,}
has a strongly convergent subsequence in X.

Proof. Let {u,} C X be a sequence in X satisfying I(u,) — ¢ € R and
I'(up) — 0in X*.
Step 1. We show that {u,} is bounded in X.

If {u,} is unbounded, there exists a subsequence (still denoted by {uy})
such that ||u,||x — oo as n — oo. Since [{(I'(un),un)| < |1 (un)| x~

unHX
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and I’ (u,) — 0 in X*, for large n, using (f3),

1
ctl+funllx = I(un)—§<1’(un),un>

1 a(x)
= —S(z, |Vun|? +—unp(r)>dx—)\/Fx,undx
[ (356 192+ 40w, [ Fle.w)
1
—u G(x,un)da——/ Si(x, | Vun|?) | Vu, |*dz
Iy q.Ja

1 1
——/ a(x)|un|p(r)dx+)\/ —flx, up)upde
q.Ja Qd

1
—|—,u/ —g(x, up)updo
r, 4

s s* a a*
= = Vo, |P®dx + (—* - —> / U |P® da
(p+ q > /Q| | Pt q Q| |

1
—u | Gz,u,)do + ,u/ —g(z, up)undo
FQ FQ q

> min{s—i—s—,a_i_a_}/(|Vun|p(r)+|un|p(r))dx
p q p q Q

Y

1
—u | Gz,u,)do + ,u/ —g(z, un)updo.
FQ FQ q

Here we have

1 xr
Glaunlds < = lgl / 1 [*®)dos
FQ FQ
1 B— B+
< 6__||g||L°“(F2)maX{HuTLHLﬁ(-)(FQ)aHU'TLHL{-X(-)(FQ)}
1 + +
< 6—_||g||mr2>05 unl% -

Similarly, we have

1 1 + +
= | gz un)unlde < =gl Cy lunlk -
q.Jr, q

Therefore, we have
s* a, a*

. S* - +
¢+ 1+ flunllx > mm{p—+ B —} lunl% = pCalfunll

Since 3T < p~ and (f3) holds, dividing both-hand side by Hun||§(+ and letting
n — oo, this leads a contradiction.
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Step 2. Since X is a reflexive Banach space, passing to a subsequence, we
can assume that u, — u weakly in X for some u € X, strongly in L*)(Q) N
LA0)(T;). We remember

(I'(u), v) = (&' (u),v) — MJ'(u),v) — u(K'(u),v) for u,v € X.

By the Holder inequality (Proposition 2.3), we have

(T (1) 1 —t)| < / (@ ) (un—)|dz < / (C1+Calun] @) — ]
Q Q
<2)Ci+ C2|un|a(m)_1||m'(-)(g)||un - U’HL&(')(Q) —0asn— oo,
and

[ (1), 1 — )] < / 192 1) (1, — )| dor < / 9P oty — uldo

>

< gl e ooy el oo ) lm = ull s gy — 0 a8 1 — o0,

Here we used the boundedness of {u,} in X by Step 1. Since {u, — u} is
bounded and I'(u,) — 0 in X*, (I'(up),un — u) — 0 as n — oo. Thus
(D' (up), up — u) — 0 as m — oo. Since P’ is (Sy)-type from Proposition 2.7,
we can see that u, — u strongly in X. O

Lemma 4.4. There exists w € X such that w £ 0 and I(tw) < 0 for 7 >0
small enough.

Proof. For (z,t) € Q x R, define vo(7) = F(x, 7 1t)7? for 7 > 1. Then from
(f3), we have

W%(r) = qF(z, 7777 + f(x,f—lt)(—T—IQt)Tq
= 7Y (gF(z,77 ') = flz, 7 )T 1t) <0
Hence 72(7) is non-increasing on [1, 00). For |t| > 1, 72(1) > 42(|t]), that is,
F(z,t) > F(x, [t|')|t|? > ¢|t|? for some ¢ > 0.
Here we used (f4). From (f2), there exists > 0 such that

|l 0)t] _ |f(z,1)]
[tlp@)  |t|p@)-1

<lforallz e Qand0< [t| <.

From (f1), there exists C,, > 0 such that

[z, 0t _ Co+Colt* @Yt _
|t|p@)  — |t|p(@) =7
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for z € Q and n < |t| < 1. Hence
Flaz, t)t > —(1+ C)[tP™ for 2 € Q and |t| < 1.
Therefore, by F(z,0) = 0 and the mean value theorem,

! ! 1+C
F(x,t)= / flx,mt)tdr > —(1 + Cn)/ |Tt|p(r)7_1d7 > ——p U |t|p(‘r)
0 0

for all z € Q and |¢t| < 1. Summing up the above, we have
F(x,t) > c|t|? — Cs|t|P™ for all (z,t) € Q x R,

where C5 = (1 + C,))/p~ + ¢. Since

T,t) = ' x, 7t)tdT = g(x 1Tﬂ(r)_27' 7'=M B(z)
Gla) = [ awriyuir = @) [ et 2o = £

and g(z) > 0 on Ty, if we choose w € (C>(2) N X) \ Wol’p(')(ﬂ), where
Wol’p(')(Q) ={ve W'PO)(Q);v =0 on T},

then we have [ G(z,w)do > 0. For 0 <7 <1, we have
S" _p p(x) a’ p- p(x)
I(tw) < —7 |Vw|P® de + —7 |w|P®) dx
p Q p Q

—c)\Tq/ |w|qu—|—)\037'p_/ |w|p(‘"”)dx—,u7'ﬂ+ G(z,w)do
Q Q I

*

S—_Tp_/ |Vw|p(‘r)dx—|— (a__ —|—)\Cg> Tp_/ |w|p(‘r)dx
p Q p Q

—,m'm G(z,w)do.
>

IN

Since fm G(z,w)do > 0 and St < p~, there exists 79 = 79(\) > 0 such
that for 0 < 7 < 719, I(7w) < 0. O

Proof of Theorem 3.1

From Lemma 4.1, for any A* > 0, there exist p, co, u* > 0 such that if
0 <A< A0 < p < p*, then I(u) > ¢ for all uw € X with |lul]|x = p. From
Lemma 4.2, there exists e € X with |le]|x > p such that I(e) < 0 = I(0).
Moreover, from Lemma 4.3, the functional I satisfies Palais-Smale condition.
Hence all assumptions of the mountain pass theorem by Ambrosetti-Rabinowitz
hold (cf. [2] and Willem [20, Theorem 1.17]). Let

C={ceC(0,1]; X):¢(0) =0,¢(1) =€}
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and € = infcec supye(o 17 1(c(t)). Then there exists a critical point u; € X of I,
that is, I'(u1) =0 and I(u1) =€ > ¢o > 0. So u; is a nontrivial weak solution
of problem (1.1).

We show that the existence of the second nontrivial weak solution us € X
such that ug # uy by the Ekeland variational principle (c¢f. Mawhin and Willem
[16, Theorem 4.2]). If we put B,(0) = {v € X; ||v||x < p}, then it follows from
Lemma 4.1 that inf,cop, ) [(v) > 0. From the proof of Lemma 4.1, I is
bounded from below in B,(0) and from Lemma 4.4, there exists w € X such
that I(t7w) < 0 for 7 > 0 small enough. Thus

—oco < ¢:= inf I(v) <O.
vEB,(0)
Choose € > 0 so that 0 < ¢ < inf,cop,(0) [(v) — infveﬁp(o) I(v). Applying the
Ekeland variational principle to I : B,(0) — R, there exists u. € B,(0) such
that

I(us) < inf I(v) +e, (4.7)
vEB,(0)

I(us) < I(u)+e|lu—uc|x for all u € B,(0) with u # u..  (4.8)
Since I(ue) < inf,epp,(0) [(v), we see that u. € B,(0). Hence

inf I(v) <I(us) < inf I(v)+e. (4.9)
vEB,(0) vEB,(0)

Define a functional I : B,(0) — R by I(w) = I(u) + ellu — uc||x. Since

I(u) > I(ue) = I(uz) for u € B,(0), u. is a minimum of I in B,(0). Hence

T(ue +7v) — I(ue)

> 0 for all 7 > 0 small enough and for all v € B,(0).

Tha is,
T(ue +70) — I(ue)
T
Letting 7 — +0, we have (I'(uc),v) > —¢|lv||x. If we replace v with —v €
B,(0), then we have

(I'(ue),v) <ellv|x for all v € B,(0).

+¢llv||x > 0 for all v € B,(0).

This implies that ||I’(us)||x~ < e. Since € > 0 is arbitrary, there exists u, €
B,(0) such that using (4.9),

I(up) — ¢ < 0and I'(u,) — 0 in X*.

By Lemma 4.3, there exists us € X such that u,, — wus strongly in X. Since
I € CHX;R), I'(uz) = 0 and I(ug) = ¢ < 0, that is, ug is a nontrivial weak
solution of problem (1.1). Since I(u1) = ¢ > ¢y > 0 and I(u2) = ¢ < 0, we
have u; # us. This completes the proof of Theorem 3.1.
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