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Abstract

In this paper, we remark that a class of quasi-variational inequality
for the Maxwell type equation in a multiply-connected domain with holes
has a solution . Our class contains, so called, p-curlcurl operator. The
existence of solution heavily depends on the geometry of the domain and
the boundary conditions. We consider the quasi-variational inequality
with a tangent free boundary condition.

1 Introduction

Generalized Maxwell’s equations in electromagnetic field in equilibrium written
by

j = curlh,

curle = f,

edive = g, (1.1)
divh =0

in Q, where  is a bounded domain in R3 with a boundary I', e and h denote
the electric and the magnetic fields, respectively, € is the permittivity of the
electric field, o is the electric conductivity of the material, 7 is the total current
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density and ¢ is the density of electric charge. We use the nonlinear extension
of Ohm’s law |j|P~2j = ge. Then h satisfies the following equations

{ curl [L|curl h|P~2curl ] = f,

divh = 0 (1.2)

in Q. Mathematically the left-hand side of (1.2) is, so called, p-curlcurl opera-
tor. We impose the natural boundary condition

hxn=0onT, (1.3)

where n denotes the outer normal unit vector field to I'. Putting v = 1/0, we
must consider the following system.

curl [v|curl h|[P~2curl h] = f  in Q,
divh =0 in Q, (1.4)
hxn =0, on I

In the case where €2 is a bounded simply-connected domain without holes, and
p > 2, Yin et al. [11] obtained the existence theorem of a weak solution of
(1.2) with (1.3). Miranda et al [9] considered the case the boundary condition
h-n =0 on I, in the simply-connected domain without holes.

The above generalization of the Ohm law arises in type-II superconductors
and is known as an extension of the Bean critical-state model, in which |curl h|
cannot exceed some given critical value j > 0. In the present paper, we consider
the case where this threshold j varies with the absolute value |h| of the magnetic
field h. That is to say,

[ vlcwlh|P72curlh  if |curl h| < j(|h|),
T v(P 2+ Newrl b if [curl h| = j(|R]),

where A = A(z) > 0 is an unknown Lagrange multiplier and has support in the
superconductivity region

S = {x € @ [eurl h(z)] = j(|h(z)|}.

This fact leads to a following quasi-variational inequality.
/ v|curl h|P~2curl h - curl (v — h)dx > / f(v—h)dz (1.5)
Q Q

for all v in an appropriate space such that |curlv| < j(|h|) a.e. in .

When € is multiply-connected and has holes, it is insufficient to show the
existence of solution to the system (1.5) under only the boundary condition
(1.3). To do so, in addition to (1.3), we impose that

(h-n,)r,=0fori=1,...,1,
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where T'; (i = 0,1,...,1) are connected components of the boundary T, Ty
denoting the boundary of the infinite connected component of R® \ Q and
(-, )1, is a duality bracket.

In this paper, taking a generalization into consideration, we consider the
following quasi-variational inequality: to find h € K3 such that

/ Sy (x, |curl h|*)curl b - curl (v — h)dz > (f,v — h)q (1.6)
Q

for all v € Kj. Here a function S(z,t) satisfies some structural conditions and
Kp, is a convex subset satisfying a constrained condition, and (-, -)o denotes
some duality bracket. All the definitions of the spaces and the properties are
stated in details in section 2.

The paper is organized as follows. Section 2 consists of two subsections. In
subsection 2.1, since we allow that the domain Q C R? is multiply-connected
and has holes, we define the geometry of the domain and a basic space of
functions. In subsection 2.2, we give the main theorem (Theorem 2.4). In
section 3, we consider the associated variational problem for which we show
the existence of a unique solution and an estimate of the solution. In section
4, we give a proof of the main theorem (Theorem 2.4).

2 Preliminaries and the main theorem

This section consists of two subsections. In subsection 2.1, we give a Carathéodory
function S(z,t) on Qx [0, +00) satisfying some structural conditions, and intro-
duce some spaces of functions. In subsection 2.2, we state the main theorem.

2.1 Preliminaries

Let © be a bounded domain in R? with a C*! boundary T'. Since we allow {2 to
be a multiply-connected domain with holes in R?, we assume that Q satisfies
the following conditions as in Amrouche and Seloula [2] (cf. Amrouche and
Seloula [1], Dautray and Lions [5, vol. 3] and Girault and Raviart [8]). € is
locally situated on one side of T and satisfies the following (O1) and (0O2).

(O1) T has a finite number of connected components I'o,I'1,...,T'; with I'g
denoting the boundary of the infinite connected component of R? \ Q.

(02) There exist J connected open surfaces X, (j = 1,...,J), called cuts,
contained in €2 such that

(a) each surface X; is an open subset of a smooth manifold M,

(b) 9%, CcT' (j=1,...,J), where 90X, denotes the boundary of 3;, and
Y; is non-tangential to I,
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() NSk =00 #k),
(d) the open set 2° = Q\ (szlEj) is simply connected and has a
pseudo-C'+! boundary.

The number J is called the first Betti number and I the second Betti number.
We say that € is simply connected if J =0 and €2 has no holes if I = 0. If we
define

K2.(Q) = {v e WP(Q);curlv = 0,dive =0 in Q,v-n =0on T}
and
KR (Q) = {v e W'P(Q);curlv = 0,dive =0 in Q,v x n=0o0n '},

then it is well known that dimK%.(Q2) = J and dim K%, (Q) = 1.

Throughout this paper, let 1 < p < co and we denote the conjugate expo-
nent of p by p/, i.e., (1/p) + (1/p') = 1. From now on we use LP(£2), W, (Q)
and WHP(Q) for the standard LP and Sobolev spaces of functions. For any
Banach space B, we denote B x B x B by boldface character B. Hereafter, we
use this character to denote vector and vector-valued functions, and we denote
the standard Euclidean inner product of vectors a and b in R® by a - b. For
the dual space B’ of B, we write (-,-) g p for the duality bracket.

We assume that a Carathéodory function S(z,t) in  x [0,00) satisfies
the following structural conditions. For a.e. = € Q, S(z,t) € C?((0,00)) N
C°([0,)), and positive constants 0 < A < A < oo such that for a.e. z € Q,

S(z,0)=0and XPD/2 <G (2,t) < AP 2 fort >0, (2.1a)
MP=2D/2 < G, (z,t) + 2tSy(x,t) < AtP~2D/2 for t >0,  (2.1b)
If1 <p <2 Su(x,t) <0, and if p > 2, Sy (x,t) > 0fort >0, (2.1c)

where S; = 9S/0t and Sy, = 0%S5/0t%. We note that from (2.1a), we have
2 2
NP2 < S(x,t) < ZAP/? for t > 0. (2.2)
p p

Ezample 2.1. If S(x,t) = v(x)g(t)t?/?, where v is a measurable function in
and satisfies 0 < v, <v(x) < v* < oo for a.e. x € Q for some constants v, and
v*, and g € C*°([0, 0)),

When g(t) = 1, it follows from elementary calculations that (2.1a)-(2.1c)
hold.

As an another example, we can take

a7Vt 41) ift >0,
9(”_{ a ift=0

with a constant a > 0. Then S(z,t) = v(x)g(t)tP/? satisfies (2.1a)-(2.1c) if
p > 2. (cf. Aramaki [4, Example 3.2]).
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We give a monotonic property of S;.

Lemma 2.2. There exists a constant ¢ > 0 such that for all a,b € R3,

(Si(z,]a*)a — Si(x, [b]*)b) - (a — b)
- cla — bP if p>2,
=1 c(lal + b)) %la - b* ifl<p<2.
In particular, if a # b, we have
(Se(z, |al*)a — Si(z,]b]*)b) - (a —b) > 0.
For the proof, see Aramaki [3, Lemma 3.6].

We can see that the convexity of S(z,t) in the following sense.

Lemma 2.3. If S(x,t) satisfies (2.1a) and (2.1b), then for a.e. = € €, the
function R 3 ¢ — g[t] = S(z,1?) is strictly convex.

For the proof, see [4, Lemma 2.3].

The following inequality is used frequently (cf. [2]). If Q is a bounded
domain in R?® with a CY! boundary T, and if u € LP(Q) satisfies curlu €
LP(Q),divu € LP(Q) and uw x n € W™V/PP(D), then w € WHP(Q) and there
exists a constant C' > 0 depending only on p and €2 such that

lullwir@) < C(llcurlul| L (@) + [|div | e @) + [[ullLr ()
+ H’LL X nle—l/p,p(F)). (23)
Moreover, if u € LP(Q) satisfies curlu € LP(Q), then uw x n € W~ /PP(I) is

well defined, and if u € L”(Q) satisfies divau € LP(Q), then w-n € W~1/PP(T)
is well defined by

(u X n, ¢>W_1/p,p(r)7wl_1/pf,pf(F) = / u - curl pdx — / curl u - pdx
Q Q

for all ¢ € W' (Q) and
(U1, D) w—1/p0(r),wr-1/0 o (1) = /Qu -Vodx + /Q(divu)(bdx

for all ¢ € WP (Q). Furthermore, if u € W'P(Q) satisfies w x n = 0 on T,
then there exists a constant C' > 0 depending only on p and €2 such that

I

ull ey < Clleurlwl|Lo) + |divel @) + > [(w-n, 1)r,|
1=1

where (-, )1, = (-, Vyw—1/pp(0,) wi-1/s o (0,)-
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Define a space

VR () ={v € L(Q); curlu € LP(Q),dive =0in Q,u xn=0on T,
(w-n,1)p,=0fori=1,...,I}.

with the norm
HUHV’[\,(Q) = chrluHLl’(Q)-

We note that [|v[|lyz () is equivalent to [[v|lw1r(q) for v € VR (Q) (cf. [2]).

Since VA (Q) is a closed subspace of W'(€), we can see that V% () is a
reflexive Banach space.

2.2 The main theorem

Let F : [0,00) — R be a given continuous function such that there exists a
constant v > 0 such that

F(s)>vforalls >0 (2.4)
and for any h € V4 (Q), define a closed convex subset
Kp = {v € VR (Q); |curlv| < F(|h|) a.e. in Q}. (2.5)

For given f € VR, (Q)’, we consider the following quasi-variational inequality:
to find h € Ky, such that

/ Sy (x, |curl h|*)curl b - curl (v — h)dz > (f,v — h)ve @y e (@) (2.6)
Q

for all v € K.
We are in a position to state the main theorem.

Theorem 2.4. Let © be a bounded domain in R?® with a C'! boundary T
satisfying (O1) and (02), and assume that a Carathéodory function S(x,t)
satisfies the structural conditions (2.1a)-(2.1¢), and a function F' : [0,00) — R
satisfies (2.4), and if 1 < p < 3,

F(s) < co+ 8%, (2.7)

where « > 0if p =3 and 0 < a < p/(3—p) if 1 < p < 3. Then for any
f € VR.(Q), the quasi-variational inequality (2.6) has a solution h € Kj and
there exists a constant C' > 0 such that

<C|fI,

p
I A

Vi (@) (2:8)
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3 Associate variational inequality

In this section we consider an associate variational inequality. For any given
function ¢ € L (), we define

K, = {v € V(Q); [curlv| < F(|¢]|) for a.e. in Q}.

We consider the following variational inequality: to find h € K, such that

/ Sy (x, |curl h|*)curl b - curl (v — h)dx
Q
Z <f, v — h>VII)V(Q),7VIZ)V(Q) for all v € K@. (31)

We prove the following proposition.

Proposition 3.1. Let ¢ € L>(Q) and f € VR(Q)". Then the variational in-
equality (3.1) has a unique solution h € K, and there exists a constant de-
pending only on A and p such that

1BlZ oy < CIFIZ (3.2)

Proof. Define a functional on K, by

1
E[’U] = 5 ‘/Q S(.’E, |Cur1’v|2)d$ — <f, v>VIZ)\7(Q),7VIZ)V(Q). (33)

We derive the following minimization problem: to find h € K, such that

E[h] = inf Elvl. (3.4)

veK,

We call such a function h a minimizer of (3.4).

Lemma 3.2. The minimization problem (3.4) has a unique minimizer h € K.

Proof. We remember that the space K, is a closed convex subset of VA ().
The functional F is proper, strictly convex functional from Lemma 2.3 (cf. [4]).
We show that E is coercive on K. Using the Young inequality,

A
Blo) = Sl olfu, [ Fllvg oy el o)
A ’
EHUH&’V(Q) - C(E)HngIZ’V(Q)/ - EHUH&’V(Q)
for any £ > 0 and for some constant C(g). We choose ¢ = \/(2p), we have

A A /
p _ - p
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Hence E is coercive on K. Finally, we show that I is lower semi-continuous.
Let v,,v € K, and v,, — v in V§(Q). Then curlv, — curlv strongly in
LP(§2). According to Aramaki [3], we have

/S’ , [eurl v|?)dx <hm1nf/ S(x, |curl v,|?)dz
Q

This implies that F is lower semi-continuous. By Ekeland and Témam [6,
Chapter II, Proposition 1.2], the minimization problem (3.4) has a unique min-
imizer h € K. O

Let h € K, be the minimizer of (3.4). For any v € K, (1 — p)h + pv =
h+ u(v —h) € K, for 0 < p < 1. Thus E[h] < E[h + pu(v — h)]. Hence

—Elh + p(v — h)] > 0.
d'u pn=+0

That is,
/ Sy (x, |curl h|*)curl b - curl (v — h)dz > (f,v — h)ve ) e (@)
Q

for all v € Ky, so h is a solution of the variational inequality (3.1).
We show the uniqueness of solution. Let hi, hy € K, be two solutions of
(3.1). Then we have

/QSt(x, curl by [*)curl by - curl (hy — ha)dz > (f, ho — hi)yr @y vz ()
and

/ S (, |eurl hy|?)curl hy - curl (hy — ho)dz > (f,v h)vr @y v ()
Therefore, we have
/Q(St(x, |curl hy|?)curl by — Sy (x, [curl hy|?)curl h2> -curl (hy — ho)dz < 0.
Using Lemma 2.2, we have

/ lcurl (hy — ho)[Pdz = 0,
Q

if p > 2 and

/(|Cur1 hi| + |curl hy|)P~2%curl (hy — hy)|?dx = 0,
Q
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if 1 < p < 2. Hence we have hy = hy in VA, (Q2) in each case.
Finally we show the estimate (3.2). If we take v = 0 as a test function of
(3.1), then we have

/ Sy (x, |curl h|*)curl b - curl hdz < (f, h)ve @y e (@)
Q

By the structural condition (2.1a), we can see that

Allewrl bl ze o) < ([ fllve @ llPllvz @)
This implies the estimate (3.2). This completes the proof of Lemma 3.2. O

We show that the solution of (3.1) is continuously depending on ¢ € L>=(9).

Lemma 3.3. Assume that ¢, € L*(Q) and ¢, — ¢ in L>®(Q) as n — oo,
and let h,, € K, and h € K, be solutions of (3.1), respectively. Then h,, — h
in VR, (Q) as n — .

Proof. First we prove that Lim K, = K, in the sense of Mosco (cf. [10]). In
order to do so, we must first show that if v, € K, and v,, — v in VR, (),
then v € K,. In fact, since |curlv,| < F(|p,]) a.e. in Q, for any measurable
subset w C €,

/|Cur1v|dx§11minf/ |curl v, |dx Sliminf/ F(|<pn|)dx:/F(|<p|)dx.

w

Hence |curlv| < F(|¢]). a.e. in ©, so v € K.
Next we must show that for any v € K, there exists v,, € K, such that
v, — v in VR () as n — oco. Indeed, put

An = [|F(lenl) = (@)l > (2)-
Then A\, — 0 as n — oo by the hypothesis. Define
A

1
vn:—vwith,unzl—k—",
n v

where v is a constant of (2.4). Then v,, € V4, () and

1 1
lcurlw,, | < —|curlv| < —F (o).
u p

n n

Since

IE(lenl) — F(leDl L= > 14 Flel) = Flenl)

Mn:1+ ’
v F(lenl)
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we have |curlv,| < F(|¢,]), so v, € K, . Since p, — 1 as n — oo, we have

1 p
|v,, —v|?, :/ curl (v, — v pdx:(l——) / curlv|Pdz — 0
g oy = [ el (0 o) L) [ Jeurto

as n — o0o. Thus K, = s -LimK,, in the sense of Mosco. By the well known
result of Mosco (cf. [10]), we can see that h, — h in VX (). O

4 Proof of Theorem 2.4

To prove Theorem 2.4, we use a fixed point argument. For any ¢ € C(f),
we denote the unique solution of the variational inequality (3.1) by h, € K.
Define an operator S : C(2) > ¢ — hy, € VR(Q). From Lemma 3.3, S
is continuous. When p > 3, it follows from Kondrachov theorem that the
embedding mapping VX (Q) — C(Q) is compact. In particular, there exists a
constant C7 > 0 independent of ¢ such that

lello@) < Cillhellve )-
Therefore, the following nonlinear mapping
S: C@Q — VBOQ) — CcQ) — CO
P = hy —  hy = |hy

is continuous and compact. On the other hand, since it follows from Proposition
3.1 that we have

Ielle < Crllbglivg @ < CallFIEy &y = Cs (4.1)

where C3 is a constant independent of . Hence there exists Iz > 0 such that

S(C(Q)) C Dg, where
Dr ={p € C(Q; ¢llc@m < R}-

Thus since S : Dr — Dg is continuous and compact, it follows from the
Schauder fixed point theorem that S has a fixed point ¢ in Dpg, that is, ¢ =
|h,|. Thus h, € K.

When 1 < p < 3, we apply the Leray-Schauder fixed point theorem. (cf.
Gilbarg and Trudinger [7, Theorem 11.3]). For any ¢ € C(f), the solution h,
of (3.1) belongs to Vi, () for any r > 3, because |curl h,| < F(|¢|) < C. Since

Hm_mmWD:‘AWMM—MWm

/ |curl b, — curl hy | 7Plcurl (b, — hy|Pdz
Q

< e /Q<F<|go|>r—p + F ()P ewrl (b, — hy)|Pda.
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Thus

is continuous and compact. We put
A={peC(Q);p=\S(p) for some X € [0,1]}.

Let ¢ € A, that is, ¢ = A|h|. Then we have

Il < ol < € [ louth,lds

< [ FUelyan < [ (ot ety an <+ ax [ i
Q Q o

From the hypotheses of the Theorem, there exists r > 3 such that ra < 3p/(3—
p). Therefore, it follows from Sobolev embedding theorem: W'?(Q) < L"*(f)
that we have

[ oo < Cllh Iy < Callagli o) < Ca
Q

Thus we have
el < Ca.

Hence S has a fixed point in C'(Q). This completes the proof of Theorem 2.4.
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