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Abstract

A generalized hypersubstitution of type 7 = (n) is a mapping o which
maps the n-ary operation symbol f to the term o(f) which does not nec-
essarily preserve the arity. The set of all generalized hypersubstitutions
of type 7 = (n) together with a binary operation defined on this set and
the identity hypersubstitution ;4 which maps f to the term f(z1,...,2n)
forms a monoid. Our motivation in this paper, is to determine all maxi-
mal completely regular submonoids of this monoid.

1 Monoid of all Generalized Hypersubstitutions

In Universal Algebra, identities are used to classify algebras into collections
called varieties. Hyperidentities are used to classify varieties into collections
called hypervarieties. The tool which is used to study hyperidentities and
hypervarieties is the concept of a hypersubstitution. The notion of a hypersub-
stitution was introduced by K. Denecke, D. Lau, R. Péschel and D. Schweigert
([2]). In 2000, S. Leeratanavalee and K. Denecke generalized the concepts of
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a hypersubstitution and a hyperidentity to the concepts of a generalized hy-
persubstitution and a strong hyperidentity, respectively ([4]). The set of all
generalized hypersubstitutions together with a binary operation and the iden-
tity hypersubstitution forms a monoid.

Let X := {x1,22,...} be the set of countably infinite variables and X,, :=
{z1,22,...,2n} which n € N is an n-element set. Let {f;|¢ € I} be a set of
ns-ary operation symbols indexed by the set I. Every n; is called the arity of
fi and the sequence 7 := (n;);er of arities of f; is called the type. An n-ary
term of type 7 is defined inductively, as follows

(1) Every x; € X, is an n-ary term of type 7;

(ii) If ¢1, to, ..., t,, are n-ary terms of type 7, then f;(t1,to, ..., t,,) is an n-ary
term of type 7.

The smallest set, which contains 1, xo, ..., x, and is closed under finite
application of (ii), is denoted by W, (X,,) and it is called the set of all n-ary
terms of type 7. It is clear that every n-ary term is also an m-ary term for all
m >n. Let W, (X) = U2, W.(X,,) be the set of all terms of type 7.

A generalized hypersubstitution of type 7 = (n;);er is a mapping o : { fi|i €
I} — W,(X), which does not necessarily preserve the arity. We denote the
set of all generalized hypersubstitutions of type 7 by Hypg (7). To define a
binary operation on the set of all generalized hypersubstitutions of type 7, we
need the concept of a generalized superposition of terms and the extension of
a generalized hypersubstitution, which are defined as follows.

Definition 1.1. ([4]) A generalized superposition of terms is a mapping
S™ W, (X)" Tt — W, (X) such that
) Sm (xj,tl, ...,tn) = tj, if 1 S] < n;
’L) Sn (xj,tl, ...,tn) =y, if n < j;
(’L’L’L) Sn (t,tl, ...,tn) = fl(Sn (Sl,tl, ...,tn) y ,S" (Sm,tl, ...,tn)),
ift = fi(Sl, ceey Snl)

(i
(i

We extend every generalized hypersubstitution o to a mapping & : W, (X) —
W, (X) such that

(1) ofz;] = x; € X;

(1) 6[fi(t1, tay ...y tn,)] = S™ (o (fi), 6[t1], ..., Otn,]) for any n;-ary operation
symbol f; and suppose that 6[t;],1 < j < n; are already defined.

We define a binary operation og on Hypg(7) by 0 og a := 6 o a where o
denotes the usual composition of mappings and o, € Hypa (7). Let ;4 be
the hypersubstitution which maps each n;-ary operation symbol f; to the term
fl'(xl, T2, ..ty Jinl)

In 2000, S. Leeratanavalee and K. Denecke proved that for arbitrary terms
t,t1,ta, ..., tn € W-(X) and for arbitrary generalized hypersubstitutions o, «
€ Hypg(7), we have

(1) S™(a[t], o[t1], ..., Oltn]) = G[S™(t, t1y .y t)];
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(i) (Goay=édod.
Using the previous result, S. Leeratanavalee and K. Deneeke proved that
Hype(7) := (Hypa(T), 06, 0i4) is a monoid (for more detail in Hypg (1) see

[4])-

2 All maximal completely regular submonoids
of Hypg(n)

The semigroup structure is studied in many fields of Mathematics. More-
over, semigroup theory is used to study formal language and automata theory
in Theoretical Computer Science. There are many researchers study on some
special elements of semigroup such as regular, left regular, right regular and
completely regular elements. The main result of this paper is to determine
the set of all maximal completely regular submonoids of the monoid of all
generalized hypersubstitutions of type 7 = (n).

Henceforth, we introduce some notations which will be used throughout this
paper. For a type 7 = (n) with an n-ary operation symbol f and t € W, (X),
we denote

o := the generalized hypersubstitution of type 7 = (n) which maps f to
the term ¢;

leftmost(t) := the first variable (from the left) occurs in ¢;

rightmost(t) := the last variable occurs in ¢;

var(t) := the set of all variables occur in .

Next, we recall some definitions which will be used throughout this paper.

Definition 2.1. ([5]) Let t € W,,)(X) and @ € N which 1 < i < n, an
1 — most(t) is defined inductively as follows:

(i) if ¢ is a variable, then ¢ — most(t) = t;

(ii) if t = f(t1, ..., tn), then ¢ — most(t) = i — most(t;).

Example 2.2. Let 7 = (3) be a type and t = f(x2, f(xs, x5, 23), f(21, T6, T4)).
Then 1 — most(t) = x2, 2 — most(t) = 2 — most(f(rs,xs5,23)) = x5 and
3 —most(t) = 3 — most(f(x1,x6,24)) = x4 -

Note that for 7 = (n),1 — most(t) = leftmost(t) and n — most(t) =
rightmost(t).

Definition 2.3. ([3]) Let S be a semigroup. An element a of a semigroup S
is called completely regular if there exists b € S such that a = aba and ab = ba.

Let 0y € Hypa(n), we denote
Ry :={oy,|zi€ X};
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={out € W,,»)(X)\ X and var(t) N X, = T};
CR(R3) := {o¢|t = f(t1,....,tn) where t;;, = Tr(i)), s ti,, = Tr(i,,) and 7 is
a bijective map on {i1, ..., iy, } for some i1, ..., im € {1,...,n} and var(t) N X,, =

{Triy)s ooos Ta(inn) -
In 2013, A. Boonmee and S. Leeratanavalee proved the following theorem.

Theorem 2.4. ([1]) CR(Hypa(n)) :== CR(R3) U Ry U Ry is the set of all
completely regular elements in Hypg(n).

Remark It is easily to see that R, R, CR(Rj3) are pairwise disjoint and Ri, Ry
are subsemigroups of Hypg(n) but CR(R3) is not a submonoid of Hypg(n).

Example 2.5. Let 7 = (3) be a type. That means we have only one ternary
operation symbol, say f. Let og,0; € CR(R3) where t = f(x3,x6,%1) and
s = f(f(x2,x5,23), x3, x2). Consider

(01 06 75)(f)

[
n >

[ f(f(z2, 25, 23), 3, T2)]

2(00(f), e[ f (w2, x5, 23)], 64[x3], , Gef2))
2(04(f), S*(04(f), Ge[wa], 64lws], 5elas]), w3, 22)
2(ou(f), S (f(w3, w6, ¥1), x2, 5, ¥3), 3, T2)
3(f(333,$6,$1)af($3,$6,$2),333,$2)

= f(w2,z6, f(z3, 76, T2)).-

Il
U » 0
Q

Thus ot oG 05 ¢ CR(R3), so CR(R3) is not closed under og.

Next, let o € Hypa(n), we denote
CRy(R3) := {o¢|t = f(xr1)s ---» Tn(n)) Where 7 is a bijective map on {1, ...,n}}.
E = {ot = f(t1,...,tn) where t;; = z;y,...,t;, = x;, for some iy, ...,im €
{1,..,n} and var(t) N X,, = {xsy,..., 2, + and if x;, € var(ty) for some [ €
{1,...,m}and k € {1, ...,n}\{i1, ..., im}, then j —most(ty) # x;, for all j # i;}.

For any @ # I C {1,...,n}, let

CR[(R3) := {o4|t = f(t1,...,tn) Where t; = ;) for alli € I and 7 is a
bijective map on I, var(t) N X, = {xx;)|i € I}}.

CR}(R3) := {o¢|t = f(t1,....,tn) Where t; = x(;);7(i) € I for all i € I and
tr = Tr) forallk € {1,...,n} \ I and 7 is a bijective map on {1,...,n}}.
We let

(MCR)HypG(n) = Rl U RQ U CRl(Rg),

(MCRl)HypG(n) = Rl U RQ U FE and

(MCRI)HypG(n) = Rl U RQ U CR[(Rg) U CR/I(Rg) U {Uid}-

Theorem 2.6. (MCR)gypg(n) is a completely regular submonoid of Hypg(n).
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Proof. By Theorem 2.4, we have every element in (M CR) fyp,; (n) is completely
regular. Next we show that (MCR)pyp;(n) is closed under og. Let 04,0, €
(MCR)Hyps(n) = R1U Ry UCRy(R3). Since R1, Ry are closed under og, we
will check for closedness only the following cases.

Case 1: 0, € Ry,0, € RoUCR(R3). Then t =x; € X.

If 05 € Ra, then s = f(s1, ..., $p) where var(s) N X,, = @. Consider

(01 0c 035)(f) = Fe[f(s1; -, 8n)]
= Sn(Ut(f), O%[Sﬂ, couy c?t[sn])

:S"(xi,cft[sl],...,&t[sn])
_Jailsi, if de {1, ..., n};
) 2, if i>n.

For 1 < i < n, since t = x;, we have d¢[s;] = i — most(s;) € X. Hence
ot0qa0s € R C (MCR)HypG(n)-

If o, € CR1(R3), then s = f(xx(1), ..., Tr(n)) Where 7 is a bijective map on
{1,...,n}. Consider

(0106 05)(f) = Ge[f(Tr(1)s s Tr(m))]
"ot (f), Gelzr(n)], s FelTa(n)])
"(xi, Lr(1)s o+ xﬁ(n))

B {xﬁ(i), if ie{l,..n}

z;, if i>n.

=5
=5

Hence 0y 0q 05 € R1 C (MCR) gype (n)-

Case 2: 0y € Ry,05 € Ry UCR(R3). Then t € W(,,)(X) \ X and var(t) N
X, =d.

If o5 € Ry, then o,0¢ 0, € R1 C (MCR)gype(n)-

If o, € CR1(R3), then s = f(xx(1), ..., Tx(n)) Where 7 is a bijective map on
{1,...,n}. Consider

(010G 05)(f) = Ge[f(Tn(1)s s Tr(n))]
= 5"(o¢(f), oy [xﬁ(l)], ey &t[xﬁ(n)])
=S"(f(t1, ..., tn), Tr(1)s - xﬁ(n))
= f(t1,...,tn)  since wvar(t)N X, = a.

Hence 0y 0q 05 € Ry C (MCR) gype (n)-

Case 3: 0, € CR1(R3),0, € RIURUCR (R3). Thent = f(xr (1), s Ty (n))
where 71 is a bijective map on {1,...,n}.

If 05 € Ry, then 0,00, € R1 C (MCR)gype(n)-
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If o5 € Ry, then s = f(s1, ..., s,) where var(s) N X,, = &. Consider

(010G 05)(f) = Fe[f(s1; -, 8n)]

= S"(04(f), dels1], .., Felsn])
=S"(f(@r(1), r Tr(n)), Ot[51], ..., Ge[Sn])
= f(Ge[sr)], s Gelsr(n)])-
Since wvar(di[s;]) N X, = @ Vi € {1,...,n}, we have 0, og 05 € Ry C

(MCR)H@JPG(”)'
If o, € CR1(R3), then s = f(Zr,(1), - Try(n)) Where 72 is a bijective map
on {1,...,n}. Consider

(010G 05)(f) = Ot[f(Try (1), s Trra(n))]
= S (041(f), Gt ma1))s +oer Gl Tma(m)))
= S"(f(xm (1) +=+» ij(n)), xm(l), couy .13772(”))
= f (@ (r1(1))s o5 Tra(mr (n)))
= f(@(rz0m)(1)> -+ T(mpom)(n))-

Since 71 o Ty is a bijective map on {1, ...,n}, we have o og 0, € CR1(R3).
Therefore (MCR) grype (n) is a completely regular submonoid of Hypg(n). O

Theorem 2.7. (MCR1)pype(n) is a completely regular submonoid of Hypg(n).

Proof. By Theorem 2.4, we have every element in (MCR1)pype(n) is com-
pletely regular. Next we show that (MCR1)mypen) is closed under og. Let
01,05 € (MCR1)Hypy(n) = R1UR2 UE. Since Ry, Ry are closed under og, we
will check for closeness only the following cases.

Case 1: 0 € R1,05 € Ro U E. We can prove similarly as in Case 1 of
Thorem 2.6, and conclude that oy og 05 € R1 C (MCR1)mype (n)-

Case 2: 0y € Ry,0, € R1 UFE. We can prove similarly as in Case 2 of
Thorem 2.6, and conclude that oy og 05 € Ry C (MCR1)mype (n)-

Case 3: 0, € E,0, € Ry URy UE. Then t = f(t1,...,t,) where t;, =
Liyyeees by, = x4, fOr some iy, ..., iy € {1,...,n} and var(t)NX, = {zi, ..., i, }
and if z;, € var(ty) for some l € {1,...,m} and k € {1,...,n}\{i1, ..., 4m}, then
Jj — most(ty) # x;, for all j £ 4.

If o5 € Ry, then 0,000 € Ry C (MCRl)HypG(n)-

If o5 € Ry, then s = f(s1, ..., s,) where var(s) N X,, = &. Consider

(010G 05)(f) = Fe[f(s1, ..., 5n)]
= S™(o(f), Fe[s1], -+, Gt[Sn])
= S"(f(t1, s tn), G[S1]s ey Gelsn])
= f(wy,...,w,) where w; = S"(t;, 5¢[s1], ..., Ge[sn])
for all i e {1,..,n}.
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Since wvar(di[s;]) N X, = @ Vi € {1,...,n}, we have 0, og 05 € Ry C
(MCR1) Hype (n)-

If o, € E, then s = f(s1,...,8,) where s, = xp,,...,s, , =, , for some
P1s s P € {1,...,n} and var(s) N Xy, = {zp,,...,xp ,} and if z,, € var(sy)
for some I’ € {1,...,m'} and k¥’ € {1,...,n}\{p1, ..., P}, then j' — most(sy/) #
xp,, for all j' # py. Consider

(010G 05)(f) = Fe[f(s15 -, 8n)]

= 8"(04(f), d¢[s1], ..., Fe[sn])
= S"(f(t1, s tn), Gt[s1], ..., Ge[sn])
= f(w1,...,w,) where w; = S"(t;,F¢[s1], ..., Fe[sn])

forall 7 e {1,..,n}.

Case 1: var(ty)NX, = @ forallk € {1,...,n}\{i1, ..., im} and var(sp )NX,, = &
forall ¥ € {1,...,n}\{p1, .-, D }-

Case 1.1: i € {1,...,n}\ {1, ..., im}. Then w; = S™(t;, ¢[s1], ..., Ge[sn]) = ti-

Case 1.2: i € {il, ...,im}. Then w; = Sn(tl', OA't[Sl], ,ét[sn]) = U}[sl]

Ifi € {1,...n\{p1, ..., Pm’}, then var(w;) N X,, = @. If i € {p1, ..., Dm’ }»
then w; = ;. By Case 1.1, 1.2, we have 0y 00, € (RoUE) C (MCR1) Hype (n)-
Case 2: var(ty)NX, = @forallk € {1,...,n}\{i1, ..., i} and there exists z,,, €
var(sy) for some I’ € {1,...,m'}, for all &' € {1,...,n}\{p1, ..., pm'}. It can be
proved similarly as in Case 1. Hence oy 00, € (R2 U E) C (MCR1)mype (n)-
Case 3: There exists x;, € var(ty) for some [ € {1,...,m}, for all
ke {1,....,n}\{is, ..., im} and there exists z,,, € var(sy/) forsomel’ € {1,...,m'},
for all &' € {1,...,n}\{p1, --rs D’}

Case 3.1: i € {il, ...,im}. Then w; = cft[sl]

For i € {p1, ..., pm’ }, we have w; = ;.

For i = K/, we have w; = 6[s;]. If i = py, then w;, = x;,. If 4, # py, then
var(w;) N{z;} = @.

For i € {1,...,n}\{p1, ---s Dms, k'}. Then var(w;) N X,, = @.

Case 3.2: i € {1,....,n}\{41, ..., im, k}. Then var(w;) N X,, = &. By Case
3.1,3.2, we have 0y 005 € (Rp U E) C (MCR1)Hype (n)- O

Theorem 2.8. (MCR)pyp (n) is a completely regular submonoid of Hypg (n).

Proof. By Theorem 2.4, we have every element in (MCRr)pype(n) is com-
pletely regular. Next we show that (MCRr)mype (n) is closed under og. Let
0¢, 05 € (MCRI)HypG(n) = RlURQUCR[(R;})UCR/I(R;;)U{O’id}. Since Rl, Rs
are closed under og and 0,4 is an identity element, we will check for closeness
only the following cases.

Case 1: 01 € Ry,05 € RoUCR(R3)UCR)(R3). We can prove similarly as
in Case 1 of Thorem 2.6, and conclude that o; og 0, € R1 C (MCRI) Hype (n)-

Case 2: 04 € Ry,0, € RiUCR(R3)UCR/;(R3). We can prove similarly as
in Case 2 of Thorem 2.6, and conclude that o; og 0 € Ry C (MCR1) Hype (n)-
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Case 3: 0y € CR[(R3),05 € R1URyUCR(R3) UCR)(R3). Then t =
f(t1,...,tn) where t; = ;) for all i € I and m; is a bijective map on I,
var(t) N X, = {xxu) |1 € I}.

If o5 € Ry, then o,0q0, € R C (MCR1)Hype(n)-

If o5 € Ry, then s = f(s1, ..., s,) where var(s) N X,, = &. Consider

(010G 05)(f) = e[ f(s1, ..., 5n)]
= S"(0u(f), Fe[s1], ---, Ge[sn])
= S"(f(t1, s tn), G[S1]s -vy Gelsn])
= f(wy,...,w,) where w; = S"(t;, 5t[s1], ..., Fe[sn])
forall i e {1,..,n}.

Since var(di[s;]) N X, = @ for all i € {1,...,n}, we have o1 0g 05 € Ry C
(MCRI) fype (n)-

If o, € CRy(R3), then s = f(s1,..., 5,) where s; = x,(;) for all i € I and
7o is a bijective map on I, var(s) N X,, = {2, | i € I}. Consider

(0t0c 05)(f) = Ge[f(s1, .- sn)]
= 5"(01(f), Ge[s1], -, 6¢lsn])
= S"(f(t1, .- tn), Gt[s1], -, Gt[sn])
= f(wy,...,w,) where w; = S"(t;, d¢[s1], ..., G¢[sn])
for all i€ {1,..,n}.

For any i; € I, since m, Ty are bijective maps on I there exist ip,iq € I
such that m1(i;) = ip and ma(ip) = 4. Then w;, = S™(t;,, de[s1], ..., Gelsn]) =
Sn(xm(u), Gi[s1], ..., Gelsn]) = Cft[Sip] = ét[xWQ(ip)] = Tig-

For any j € {1,...,n}\ I, let t; = f(u1, ..., u,). Consider

wj; = Sn(tj, OA't[Sl], ,&t[sn])
= S"(f(ur, .., un), dt[s1], .-, Gt[Sn])
= f(w},...,w)) where wj = S"(t, G¢[s1], ..., Fe[sn])

for all ke {l,.,n}.

If var(ux) N X, = 9, then w), = up. If up = () and m1(i;) =
ip, 2(ip) = iq, then wy, = S™(ug, d¢[s1], ..., Fe[sn]) = S™ (T, (i), Te[51], -, Fielsn]) =
Gt[si,] = Try(i,) = Tiy3iq € 1. Hence 0y og 05 € CR1(R3) C (MCRI)Hype(n)-

If o, € CR(R3), we can prove as in the previous proof. Hence oy og o5 €
CRi(R3) C (MCR)Hyp (n)-

Case 4: 0 € CR}(R3),0, € R1 URy UCR(R3) UCR/(R3). Tt can be
proved similarly as in Case 3. Hence o; og 05 € (MCR;)fype(n)- Therefore
(MCRI)Hype (n) is a completely regular submonoid of Hypa(n). O
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Theorem 2.9. (MCR)gypg(n) is a maximal completely regular submonoid of
Hypg(n).

Proof. Let K be a proper completely regular submonoid of Hypg (n) such that

(MCR)HypG(n) CKC Hypg(n). Let 0, € K where o, € CR(R;;) \ CRl(Rg)
Then t = f(t1,...,t,) where t;; = x.(;,) for all iy € I and 7 is a bijective
map on I, var(t) N X, = {xx,) | it € I}. Choose o, € CRy(R3) such that
s = f(#x @), Tony) Where 7' is a bijective map on {1,...,n} and 7’ =
(7' (1)...7"(n)) is a cycle. Consider
(010G 05)(f) = Ge[f(Tar(1)s s Trrm))]

= 5" (ou(f), St [za ()]s - [T (n)])

= Sn (f(tl, ceey tn), .’,Uﬂ-/(l), ceey Jjﬂ-/(n))

= f(wl, cany ’LUn) where wj; = S" (tj, Trr(1)s ey Jiﬂ./(n))

for all je{l,.,n}.

Since I C {1,...,n}, there exist 4, € I, ig € {1,...,n}\Isuch that 7'(i,) =i,

and 7(4;) = 4, for some ¢; € I, then
w;, = S" (i, 0t [xﬁl(l)], ey d’t[xﬁl(n)])
= Sn(xﬂ'(il); Lrr(1)y s xﬂ'/(n))
= Tx'(ip)
= xiq.

By Theorem 2.4, 050G 0y is not completely regular, so o, € (MCR) irype (n)-
Therefore K C (MCR)pype(n) and thus K = (MCR) gype (n)- O
Theorem 2.10. (MCR1)pyp. (n) is @ maximal completely regular submonoid
of Hypg (n).

Proof. Let K be a proper completely regular submonoid of Hypg (n) such that
(MCR1)mype(n) € K C Hypa(n). Let o, € K, then o is a completely regular
element.

Case 1: 0; € CRi(R3). Then t = f(xq1), .., Tr(n)) Where 7 is a bijective map
on{l,...,n}.

Case 1.1: t = f(xr(1), ..., Tr(n)) Where 7 is a bijective map on {1,...,n} and
(w(1)...m(n)) is a cycle. Choose o5 € E then s = f(s1,...,8,) where s;, =
Tiys ey Sipy = T, and s; € X \ X,,, for all j € {1,...,n}\ {i1,...,%m}. Consider

(050G 01)(f) = Fs[f(Tr(1), o Tr(n))]

= S"(os(f), Ocs{xﬁ(l)]a ) OA'S[xW(")])

= Sn(f(sl, ceey Sn), LTr(1), ...,xﬁ(n))

= f(wy,...,w,) where wj = 8" (s, Tr(1); -, Tr(n))
for all je{1,.,n}.



P. KUNAMA AND S. LEERATANAVALEE 191

If 4 € {i1,...,0m}, then w;, = x,(,). Since (7(1)...m(n)) is a cycle, we
have that x.¢;,) = i, ;iq € {i1,...im}\{0}. If j € {1,...,n}\{41, ..., im}, then
wj = s;. By Theorem 2.4, we have o, og 0 is not completely regular.

Case 1.2: t = f(@r(1),..-» Tr(n)) Where 7 is a bijective map on {1,...,n}
and there is P = {Ry,..., R;} is a partition of {1,...,n} such that R; =
{ri1,..,rip}s s Ri={rin, ..., min} and (ri1...71¢)...(r11, ..., 7in). Let d € Ry, for
some k € {1,...,1} and |Rg| > 1. Choose o, € E, then s = f(s1,...,8,) where
s¢ =xq and s, € X \ Xy, for all g € {1,...,n}\ {d}. Consider

(050G 01)(f) = Fs[f(Tr(1), o Tr(n))]
= 5"(0s(f), Fslwn)s - Tslr(m)])
=5" (f(sl, ceey Sn), LTr(1)s --» xﬁ(n))
= f(wy,...,w,) where wj = 8" (s}, Tr(1); -, Tr(n))
for all je{l,.,n}.

Then wj = ;) ;¢ € {1,...,n}\{i}. Since d € Ry, for some k € {1,...,1}

and |Rg| > 1, we have z,(jy = x4 and w; = s;, 7 € {1,...,n}\{d}. By Theorem
2.4, we have o4 og 0y is not completely regular.
Case 2: 0, € CR;(R3)\E. Then t = f(t1,...,t,) where t; = ;) for all
i € I and 7 is a bijective map on I, var(t) N X,, = {xru) | i € I}. Choose
os € E where s = f(xy,...,xy) for some k € {1,...,n}\I, 2y # @) for all
1 € I. Consider

(000G 05)(f) = Gelf (ko k)]
= S"(o¢(f), Gt[xg], ..., Ot[TK])
:S’"(f(tl,...,tn),xk,...,xk)
= f(w1,...,w,) where w; = S"(t;,z, ..., Tk)
for all j e {1,.,n}.

Then wy, = t), where t}, is a new term derived by substituting z;, for all 4, € I
which occur in ¢t by xx. By Theorem 2.4, we have o5 og 0y is not completely
regular. Hence 0, € (MCR1)myps(n)- Therefore K C (MCR1)mypg(n) and
thus K = (MCRl)H’ypG(n)- U

Theorem 2.11. (MCRy)pyps(n) is a maximal completely regular submonoid
of Hypg(n).

Proof. Let K be a proper completely regular submonoid of Hypg (n) such that
(MCRI)Hypsm) © K C Hypg(n). Let oy € K where 0, € CR(R3) \
(CR(R3)UCR}(R3)UE) then t = f(t1,...,t,) where t; = 2,;) and 7 is a bijec-
tive map on {1, ...,n}. Choose o, € CRy(R3) then s = f(s1, ..., sp) where s; =
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Tqr(;y for alli € I and 7’ is a bijective map on I, var(s) N X,, = {zr @) | i € I}
and s; € X \ X,, forall j € {1,...,n}\ I. Consider

(050G 0)(f) = Os[f(Tr1), s Tr(n))]
= 5"(0s(f), Fslwn)]s - Tsln(m)])
= 8" (f(51,5n), Tr(1)s o> Tr(n))
= f(wy,...,wn) where w; = 5" (55, Zr1)s - Tr(n))
for all j e {1,..,n}.
Since I C {1, ...,n} there exist i, € I, iy € {1,...,n}\ I such that 7(i,) =i,
and 7' (i,) = ip; i € I. Then
Wi, = S™(Si, s Tr(1)s s Tr(n))
= 8" (Tip, Tr(1)s -+o» Tr(n))
= Tr(ip)
=,.

By Theorem 2.4, 0,0G0¢ is not completely regular, so oy € (MCR1) Hype; (n)-
Therefore K C (MCR;)qype(n) and thus K = (MCRr) mype (n)-

Corollary 2.12. {(MCR)gypen), (MCR1) Hype (n) YIL(MCORI) Hype(n) | D #
I c {1,..,n}} is the set of all maximal completely regular submonoids of
Hypg(n).

Proof. By using Theorem 2.9 to Theorem 2.11, we have {(MCR) mype(n),
(MCR1)bype(n)} U{MCR) Hyps(n) | @ # 1 C {1,...,n}} is the set of all
maximal completely regular submonoids of Hypg(n). O
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