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Abstract

In this paper, we have defined cubic ideals, cubic bi-ideals and cubic
quasi-ideals of a semiring and obtain some of the basic properties of
these ideals using several operation on them. We also obtain some inter-
relation between these ideals. Among all the results, we also obtain some
characterizations of regular semiring.

1 Introduction

The notion of a semiring as first introduced by H. S. Vandiver [9] in 1934
with two associative binary operations where one distributes over the other.
But semirings had appeared in earlier studies on the theory of ideals of rings.
In structure, semirings lie between semigroups and rings. The results which
hold in rings but not in semigroups may hold in semirings since semiring is a
generalization of ring. The study of rings shows that multiplicative structure of
ring is an independent of additive structure whereas in semiring multiplicative
structure of semiring is not an independent of additive structure of semiring.
The additive and the multiplicative structure of a semiring play an impor-
tant role in determining the structure of a semiring. The theory of rings and
theory of semigroups have considerable impact on the development of theory
of semirings. Also, semirings has some applications to the theory of automata,
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formal languages, optimization theory and other branches of applied mathe-
matics. Ideals of semiring play a central role in the structure theory and useful
for many purposes.

The theory of fuzzy sets, proposed by Zadeh [10], has provided a useful
mathematical tool for describing the behavior of the systems that are too com-
plex or illdefined to admit precise mathematical analysis by classical methods
and tools. The study of fuzzy algebraic structure has started by Rosenfeld [8].
Since then many researchers, for example [3, 6], developed this ideas. As an
extension of this, the concept of cubic subgroups and cubic sets were initiated
by Jun et al [4, 5]. Khan et al [7] applied this in case of cubic h-ideals of
hemirings. Chinnadurai [1, 2] used this notion to study cubic bi-ideals and
cubic lateral ideals in near-ring and ternary near-ring, respectively.

The main aim of this paper is to introduce and study cubic ideal of semiring.
At first we define some basic operation such as intersection, cartesian product,
composition etc on them and use these to obtain some of its basic properties.
After that we define cubic bi-ideals and cubic quasi-ideals and obtain some
characterization of regular semiring.

2 Preliminaries

We recall the following preliminaries for subsequent use.

Definition 2.1. A hemiring [respectively semiring] is a nonempty set S on
which operations addition and multiplication have been defined such that the
following conditions are satisfied:

(i) (S,+) is a commutative monoid with identity 0;

(ii) (S,.) is a semigroup (resp. monoid with identity 1g);

(iii) Multiplication distributes over addition from either side;

(iv) 0s = 0 = s0 for all s € S.

(v) 1s # 0.

A subset A of a semiring S is called a left(resp. right) ideal of S if A is
closed under addition and SA C A (resp.AS C A). A subset A of a semiring S
is called an ideal if it is both left and right ideal of S.

A subset A of a semiring S is called a quasi-ideal of S if A is closed under
addition and SAN AS C A.

A subset A of a semiring S is called a bi-ideal if A is closed under addition
and ASA C A.

Definition 2.2. A fuzzy subset of a non-empty set X is defined as a function
w: X —[0,1].

Definition 2.3. Let X be a non-empty set. A cubic set A in X is a structure
A= {< z,0,f > x € X} which briefly denoted as A =< [, f > where
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g = [u~, "] is an interval valued fuzzy set (briefly, IVF) in X and f is a fuzzy
set in X.

Definition 2.4. For any non-empty set G of a set X, the characteristic cubic
set of G is defined to be the structure x¢(z) =< , (o (2), Ny (x) 1z € X >
where ~ ~
Cyolx) =L 1~1lifzeqG
= [0,0] ~ 0 otherwise.

and

e(z) =0if z€G
= 1 otherwise.

Throughout this paper unless otherwise mentioned S denotes the semiring
and for any two set P and @, we use the following notation:

N{P,Q}=PnNnQand U{P,Q}=PUQ.

3 Cubic ideals

In this section, the notions of cubic ideals in semiring are introduced and some
of their basic properties are investigated.

Definition 3.1. Let < p, f > be a non empty cubic subset of a semiring S.
Then < i, f > is called a cubic left ideal [ cubic right ideal] of S if

() a(z+y) 2 N{u(@), wy)}, o +y) <max{f(z), f(y)} and

(ii) m(zy) 2 mly), flzy) < f(y) [respectively p(zxy) 2 pu(x), f(zy) < f(z)].

forall z,y € S.

A cubic ideal of a semiring S is a non empty cubic subset of S which is a
cubic left ideal as well as a cubic right ideal of S. Note that if < g, f > is a
cubic left or right ideal of a semiring S, then 1(0) 2 fi(z) and f(0) < f(z) for
allz € S.

A cubic right ideal is defined similarly.
By a cubic ideal < p, f >, we mean that < g, f > is both cubic left and
cubic right ideal.

Example 3.2. Let S = Z,the set of integers. Then S forms a semiring with
usual addition and multiplication of integers. Define < fi, f > be a cubic subset
of S as follows

[0,1] if =0 0 if =0
p(x) =< (0.1,0.7] ifzis even and f(x) =< 0.4 ifzis even
(0.2,0.5) if z is odd 0.9 ifzis odd

The cubic subset < 11, f > of S is a cubic ideal S.
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Throughout this section, we prove results only for cubic left ideals. Similar
results can be obtained for cubic right ideals and cubic ideals.

Theorem 3.3. A cubic set C =< p, f > of S is a cubic left ideal of S if and
only if any level subset Cy =< [it, fr >:={x € S : p(x) 2 [t,t] and f(z) <
t,t €10,1]} is a left ideal of S, provided it is non-empty.

Proof. Let < f1, f > be a cubic left ideal of S and assume that < fiz, fy ># ¢
fort € [0,1]. Let z,z € S and a,b €< fi, f >. Then pi(a+b) 2 N{x(a), p(d)} 2
[t,t] and f(a +b) < max{f(a), f(b)} < t; implies that a + b €< iy, fr >. Also
w(za) 2 p(a) 2 [t,t] and f(za) < f(a) < t which implies xa €< fit, fr >. So,
< g, fr > is a left ideal of S.

Conversely, suppose < fi, fr > is a left ideal of S. If possible, suppose
< i, f > is not a cubic left ideal of S. Then there exist a,b € S such that
fi(a +b) € N{f(a), (b)} or f(a+b) > max{f(a), f(b)}. Taking to = 5[f(a+
b)+max{ f(a), f(b)}], we see that ty € [0,1] and f(a+b) > t¢ > max{f(a), f(b)}
whence a,b € f;, but a+ b & f;, - which is a contradiction.

Therefore pi(a +b) 2 N{p(a), 1(b)} and f(a + b) < max{f(a), f(b)} for all
a,b € S. The other property can be proved similarly. Consequently, < u, f >
is a cubic left ideal of S. O

Theorem 3.4. Let A be a non-empty subset of a semiring S. Then A is a left
ideal of S if and only if the characteristic function xa =< fiyx,, fxa > 15 a
cubic left ideal of S.

Proof. Assume that A is a left ideal of S and x,y € S. Suppose fi,, (z+y) C
iy (), fixa ()} and fya (@ +y) > max{fy,(z), fx.(y)}. It follows that

:ZZXA (z+y) =0, m{ﬂXA (), :ZZXA (y)} =Tand Ixa (z+y) =1, maX{fXA (), fxa (y)}
= 0. This implies that z,y € A but x +y € A — a contradiction. So,

ﬁXA (z+y) 2 m{ﬂXA (z), :ZZXA (y)} and fy , (z+y) < maX{fXA (z), fxa (y)}

Similarly we can show that fiy, (zy) 2 fya(Y), fxa(®y) < fya(y). There-
fore x4 =< fiy4, fya > is a cubic left ideal of S.

Conversely, assume that xa =< fiy,, fy. > is a cubic left ideal of §
for any subset A of S. Let z,y € A. Then f,,(z) = fiy.(y) = 1 and
fXA(x) = fXA(y) = 0. Now :ZZXA(x_Fy) 2 m{ﬁXA(x)’EXA(y)} =1, fxa r+y) <

maX{fXA (x), fXA (y)} =0 and :ZZXA (xy) 2 :ZZXA (y) =1, fXA (xy) < fXA (y) =0.
This implies « + y, zy € A. Hence A is a left ideal of S. O

Definition 3.5. Let A =< i, f > and B =< 6, g > be two cubic sets of a
semiring S. Define intersection of A and B by

ANB=<[,f>N<0,g>=<[iNb,fUg>.
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Proposition 3.6. Intersection of a non-empty collection of cubic left ideals is
a cubic left ideal of S.

Proof. Let A; = {< fu;, fi >: i € I} be a non-empty family of ideals of S. Let
z,y € S. Then

(0@ +y) = 0 {mle+9)} 2 0N, Fw)H
= N0 ), 0l = (0 Fi) @), (0 7)(0)}
(U +y) =sup{fa+y)} < sup{max{ (o). /i()}}
= max{supf,(x). supfi(y)} = max({(Uf)(2). (U f) ).

Again
(0 7)) = 0 (7)) 2 0 (i)} = (0))
(Y fi)(wy) = sup{filey)} < sup{fi(y)} = (U fi)(y)-
g icl icl icl
Hence NA; ={< Np;, U fi >:i € I} is a cubic left ideal of S. O
icl el icl

Proposition 3.7. Let f : R — S be a morphism of I'-semirings and A =<
®,9 > be a cubic left ideal of S, then fY(A) is a cubic left ideal of R where

FTHA) @) =< fH@) (@), [ (g)(@) >=< d(f()), 9(f(x)) >

Proof. Let f: R — S be a morphism of semirings and A =< qg, g > be a cubic
left ideal of S. Assume 7, s € R. Then

FHOr+9) = 6(f(r+9) = o(f(r) + [(5))
2 N{o(f(r), o(f(s)} = {(fH@)(r), (F (@) ()}

FHa)r+s) =g(f(r+s) =g(f(r) + f(s))
< max{g(f(r)), g(f(s))} = max{(f~'(9)(r), (f " (9)(s)}

Again (f71(8))(rs) = $(f(rs)) = d(f(r) f(5)) 2 &(f(s)) = (f7H())(s)-
(fHa)(rs) = g(f(rs)) = g(f(r)f(s)) < g(f(s)) = (" (9))(5).
Thus < f~1(¢)(x), f~1(g9)(z) > is a cubic left ideal of R. O

Definition 3.8. A cubic left ideal < p, f > of a semiring S, is said to be
normal cubic left ideal if 7(0) =1, f(0) =0.

Proposition 3.9. Given a cubic left ideal < i, f > of a_semiring S, let <
ly, f+ > be a cubic set in S obtained by iy (x) = f(x) + 1 — p(0), fi(z) =
f(x) — f(0) for all z€ S. Then < jiy, f+ > is a normal cubic left ideal of S.
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Proof. For all z,y € S, we have iy (0) = fi(0) +1—f(0) = 1, f1(0) =
f(0) = f(0) = 0 Now,
fir(z+y) = w+y) +1—F0) 2 N, iy)} +1 - (0)
= N{{u(z) +1 - p(0)}, {u(y) +1 = w(0)}} = {ny(2), 1-(y)}

frlet+y) = fle+y) - f0) <max{f(z), f(y)} — f(0)
= max{{f(z) - f(0)},{f(y) — F(0)}} = max{fi(2), f+(y)}

and
fir (zy) = fi(zy) + 1 = 7(0) 2 fi(y) + 1 — 7(0) = fiy (y)-
f+(zy) = flzy) — f(0) < f(y) — f(0) = f+(y).
Hence < fiy, f1 > is a normal cubic left ideal of S. O

Definition 3.10. Let A =< i, f > and B =< 7, g > be cubic subsets of X.
The cartesian product of A and B is defined by (A x B)(z,y) = (< i, f > x <
v,g >)(z,y) = (< pxv, fxg>)(zy) = [N{u(z), v(y)}, max{f(z),g(y)}] for
all z,y € X.

Theorem 3.11. Let A =< i, f > and B =< v,g > be cubic left ideals of a
semiring S. Then A x B is a cubic left ideal of the semiring S x S.

Proof. Let (z1,z2), (y1,¥2) € S x S. Then

(1 xv)((21,22) + (y1,92)) = (B x V)(x1+y1, 22+ y2)
=N{fi(z1 +y1),v(z2 +1y2)}
) m{m{ﬂ('xl)a ﬁ(yl)}a ﬂ{y(x
= n{N{Aa(z1), v(x2)}, {7y

= 0{(n x D) (1, 29), (1 x V)(

2),V(y2)}}
), (y2)}}
y1,y2)}
(f x ) ((z1,22) + (y1,92)) = (f x g)(z1 +y1, 72 +y2)

= max{ f(x1 +y1),9(x2 +y2)}

< max{max{f(z1), f(y1)}, max{g(z2), g(y2 ){}

g
= max{max{ f(z1), g(x2)}, max{f(y1), 9(y2)}}
=max{(f x g)(x1,22), (f X 9)(y1,%2)}

and

(nxv)(z1,22)(y1,92)) = (1 X V)(z191, T2y2) = W{i(11), V(T2y2) }
2 {i(y1), v(ye)} = (7 x D) (y1, y2)-

(f x 9)((z1,22)(y1,92)) = (f x g)(x191, T2y2) = max{f(z1y1), 9(z2y2)}
<max{f(y1),9(y2)} = (f x 9)(v1,92)-

Hence A x B is a cubic left ideal of S x S. O
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4 Cubic bi-ideals and Cubic quasi-ideals

Definition 4.1. Let A =< [i, f > and B =< 6, g > be two cubic sets of a
semiring S. Define composition of A and B by

AT B =<i,f >T.<8,g>=< il'.f, fT.g >

where
pled(z) = Upg){ﬁ(a% 0(b)}]
= 6, if x cannot be expressed as above
and
fTeglw) = inf {max{f(a), g(b)}}
= 1, if x cannot be expressed as above
for z,a,b € S.

Definition 4.2. Let A =< i, f > and B =< 0, g > be two cubic sets of a
semiring S. Define generalized composition of A and B by

Ao.B =< Ji, f > 00 < 0,9 >=< Jio.0, focg >

where

fo.A(w) = UIn{N{ii(a:). 06:)}Y]

n
r= Z aibi
=l
= 0, if x cannot be expressed as above

and

focg(x) = inflmax {max{f(ai),g(bi)}}]

n
= Z aibi
i=1
= 1,if x cannot be expressed as above
where x,a;,b; € Sand i =1,...,n.
Lemma 4.3. Let A =< i1, f >, B=< [i2, g > be two cubic ideal of a semiring

S. Then AT'.B C Ao.BC AN B C A, B, where AU'.B =< 1l cpiz, fTcg > and
AocB =< p0cfiz, focg >.

Proof. Suppose A =< ji1, f >, B=< ji2, g > be two cubic ideal of a semiring
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S. Then
(rocpiz)(x) = U{{N {@(ai), A2(bi)} 1}

= Zalbl
i=1
where x,a;,b; € Sandi=1,....n.
2 U{n{m(ar), fiz(br))}}

fE:albl
where z,a1,0; € S

= (mTepz)(x)
(foeg)(x) = inf{max{max{f(a), g(bi)}}}

r= Z aibi
i=1
where x,a;,b; € Sand i =1,...,n.
< rj{llfbl{max{f(al)a g(b1)}}
where x,a1,b; € S
= (fTeg)(x)
Therefore AT'.B C Ao.B)

(mrocpa)(x) = V{O{N {fin(aq), fi2(bi) 1}

r= Zalbl
i=1
where z,a;,b; € Sandi=1,...,n.
< uin{in(a:)}}

< U{ﬂ{ﬁl(zmbi)}} = ()
= ialbl
(foeg)(x) = inf{max {max{f(a:). o(b:)}})
= ialbl

where z,a;,b; € Sand i =1,....n.
— inf{max/(a,)}

n

> infamax {f(zalbl)}} = f(z)
L Zalbl =1



166 On some properties of cubic ideals of semiring

Since this is true for every representation of x, Ao.B C A.
Similarly we can prove that Ao.B C B.
Therefore Ao.B C AN B. Hence the lemma. O

Definition 4.4. A cubic subset < i, f > of a semiring S is called cubic bi-ideal
if for all z,y, z € S we have

(i) fi(z +y) 2 {i(=z), u(y)}, fz +y) < max{f(z), f(y)}

(i) pa(wy) 2 N{p(z), iy)}, flzy) < max{f(z), f(y)}

(ili) pa(zyz) 2 (), ((2)}, f(ryz) < max{f(z), f(2)}
Definition 4.5. A cubic subset < i, f > of a semiring S is called cubic quasi-
ideal if for all z,y € S we have

(1) f(z +y) 2 0{al=z), a(y)}, f(z +y) < max{f(z), f(y)}

(ii) (10cCxs) N (Cxs0ch) C Iy (focnys) U (ysocf) 2 f-

Theorem 4.6. A cubic subset < 11, f > of a semiring S is a cubic left ideal of

S if and only if for all z,yeS, we have
(i) iz +y) 2 N{(x), i(y)}, f(@+y) <max{f(z), f(y)}

(”) (XSOC,TL C ﬁ, 77x306f 2 f.

Proof. Assume that < fi, f > is a cubic left ideal of S. Then it is sufficient to
show that the condition (ii) is satisfied. Let x € S. If x can be expressed as

n
T = Z a;b;, for a;,b; € S and i=1,...,n, then we have

(Gesoel)(@) = UID{N {Gealon), A € IO {7asmibi)}]
r= i aibi r= i aibi

n

< Li[ﬂ {ﬁ(z aibi)}] = p(z).
= Z aibi =

=1

(1ys0ef)(@) = inflmax{max{ny, (@) f(b)}}] = inflmax {max{f(b:})]

n

r= ialbl r= Zalbl
=1

=1

> inf[max{max{f(a;b:)}}] > inf[max{ FOaibi)}] = f(=).

s
Il
-

n
n
= a;b;
Z v r= E aibi
i=1
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This implies that ZXSOCITL C 1, Nysocf 2 f.

Conversely, assume that the given conditions hold. Then it is sufficient to
show the second condition of the definition of cubic ideal. Let x,y € S. Then
we have

ey) 2 (Gesoel@y) = UIOIN {Gsla), i)}

n
TY= Z aibi
i=1
2 fi(y)(since xy = xy).

fry) < (nxsocf)(zy) = inflmax{max{ny(ai), f(bi)}}]

TY= Z aibi
i=1
< f(y)(since zy = zy).
Hence < f1, f > is a cubic left ideal of S. O

Theorem 4.7. Let A =< p, f > and B =< v, g > be a cubic right ideal and a
cubic left ideal of a semiring S, respectively. Then AN B is a cubic quasi-ideal

of S.

Proof. Let x,y be any element of S. Then

()@ +y) =n{uz+y),v(z+y)}
2 n{n{i(x), ily)y, {v(z), v(y) 1}
= {n{a(@), v(x)}, 0{p(y), v(y) }}
=n{(rnv)(z), (ENv)(y)}.

(fug)z+y) =max{f(z+y) g9(zr+y)}
< max{max{f(z), f(y)}, max{g(z), g(y)}}
= max{max{f(z), g(z)}, "{f(v), 9(y) } }
= max{(f Ug)(z), (fUg)(y)}

On the other hand, we have
(AN B)ocxs) N (xs0c(AN B)) € (Aocxs) N (xsocB) € (AN B).
This completes the proof. ([
Lemma 4.8. Any cubic quasi-ideal of S is a cubic bi-ideal of S.
Proof. Let < ji, f > be any cubic quasi-ideal of S. It is sufficient to show that

m(zyz) 2 N{a(z), a(2)}, f(zyz) < max{f(z), f(2)} and fi(zy) 2 N{z(z), a(y)},
flzy) <max{f(z), f(y)} for all z,y,z € S.
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In fact, by the assumption,we have

filzyz) 2 ((fioelys) N (Cus0ell)) (y2)
:ﬂ{(ﬁochs)(xyf’) ((XSOC,M)(x )}
= U (), s (b)), U (N (s (), Filb:)) }

TYz= E aibi
i=1

2 N{N(p(x), ¢ _(2)), N(Cxs (@), 7i(2)) H(since zyz = wyz)
= N{u(z), u(z)}

(focnxs) (UXSch))(xyZ)
max{(focrys)(@yz), (Nysocf)(xyz)}
= max{inf(max(f(a ) Nxs (0i))), inf(max(ny s (ai), f(bi)))}

TYz= E a;b;
i=1

max{max(ny, (x), f(2)), max(f(z), nys(2))}(since zyz = zyz2)

max{f(z), f(2)}

Similarly, we can show that fi(zy) 2 N{ii(x), fi(y)}, f(ay) < max{f(x), f(x)}
forall x,y € S.

f(zyz)

[ IA

I IA

O

5 Cubic ideals and regular semirings
In this section, we study the concept of regularity in semiring by using cubic
ideal, cubic bi-ideal, cubic quasi-ideal.

Definition 5.1. A semiring S is said to be regular if for each x € S, there
exist a € S and such that x = zax.

Theorem 5.2. Let S be a reqular semiring. Then for any cubic right ideal
A=< p, f> and any cubic left ideal B =< v, g > of S we have AT'.:B = ANB.

Proof. Let S be a regular semiring. By Lemma 4.3, we have AT'.B = AN B.
For any a € S, there exists « € S such that a = axa. Then

(ALe7)(@) = V{n{i(e), 7()}} 2 Nfi(az), 7(a)}
2 N{(a), 7(a)} = (T ND)(a).
(fPeg)la) = inf{max{f(e), g(b)}} < max{f(az), g(a)}

< max{f(a), g(a)} = (f U g)(a).
Therefore (AN B) C (AT B).
Hence AT'.B = AN B. O
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Corollary 5.3. If S be a reqular semiring, then for any cubic right ideal A =<
i, f > and any cubic left ideal B =< v, g > of S we have Ao.B = AN B.

Theorem 5.4. Let S be a regular semiring. Then
(i) A C Aoc.xsocA for every cubic bi-ideal A =< i, f > of S.
(ii) A C Ao.xso:A for every cubic bi-ideal A =< i, f > of S.

Proof. Suppose that A =< g, f > be any cubic bi-ideal of S and x be any
element of S. Since S is regular there exists a € S such that x = zax. Now

(oclysoel) (@) = u(n {(Fioclys ) (@), Ti(bi)})
m:zaibi

2 m{(ﬁochs)(xa)a :E(x)}~
=n{ U {na), (Cs)(bi)}), al(x)}}

ra= i aibi
B) ﬂ{ﬁ(x)l,_ﬁ(x)}(since ra = raxa).
= ()

(foenysocf)(x) inf(max {(focnys)(ai), f(bi)})

n
r= E aibi
i=1

max{(focnys)(za), f(z)}
max{ inf(max {(f(a:),nys(bi))}), f(x)}

ra= i aibi
max{f(x)l,:f(x)}(since ra = raxa)
f(z)

This implies that A C Ao.xso.A.
(i)=(il) This is straight forward from Lemma 4.8 O

I IA

[ IA

Theorem 5.5. Let S be a regular semiring. Then

(i) AN B C Ao.Bo.A for every cubic bi-ideal A =< p1, f > and every cubic
ideal B=<v,g > of S.

(ii) AN B C Ao.Bo A for every cubic quasi-ideal A =< [, f > and every
cubic ideal B =< v,g > of S.

Proof. Suppose S is a regular semiring and A =< g, f >, B =< v,g > be
any cubic bi-ideal and cubic ideal of S, respectively and x be any element of
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S. Since S is regular, there exists a € S such that x = zax.

(pocvocp)(z) = U {(pocv)(ai), p(bi)})

= i aibi
on{ (Eocﬁ) (za), p(z)}
=n{ U {(aa),v(b:))}, (@)}

ra= aibi
i=1
2 n{nN{p(x), v(aza), i(x)}(since za = xazxa)

2 N{p(z), v(2)} = (RO V)(2).

(foegoef)(z) = inf(max {(focg)(ai), f(bi)})
n
r= aibi
1=1
< max{(focg)(za), f(x)}
= max{inf(max{(f(a:), 9(b:))}), f(x)}
n
ra= aibi
=1
< max{max{ f(x), g(aza), f(x)}(since za = zaza)
> max{f(z). g(x)} = (/ Ug)(x).
(i)=(ii) This is straight forward from Lemma 4.8. O
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