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Abstract

By definition, a quadratic Lie superalgebra is a Lie superalgebra en-
dowed with a non-degenerate supersymmetric bilinear form which sat-
isfies the even and invariant properties. In this paper we give a new
way of description of the cohomology group of quadratic Lie superalge-
bras by applying the super-Poisson bracket on the super exterior algebra.
Moreover, we calculate all of the second cohomology group of elementary
quadratic Lie superalgebras which have been classified in [5].

Introduction

As far as we know, the Killing form of a Lie superalgebra is supersymmetric,
invariant and even. In some special cases, it also satisfies the non-degeneracy.
Those lead to study of Lie superalgebras endowed with a supersymmetric,
invariant, even and non-degenerate bilinear form. Such Lie superalgebras are
called quadratic Lie superalgebras.

A concerned problem is to describe the cohomology of Lie superalgebras,
which is an important tool in mathematics and theoretical physics. A classical
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example of a constant such that D. B. Fuchs and D. A. Leites in [6] calculated
the cohomology groups of the classical Lie superalgebras with trivial coeffi-
cients, Y. C. Su and R. B. Zhang in [13] computed explicitly the first and
second cohomology groups of the classical Lie superalgebras sl,,,, and 0spy)5,
with coefficients in the finite-dimensional irreducible modules and the Kac mod-
ules, W. Bai and W. Liu in [2] described the cohomology groups of Heisenberg
Lie superalgebras.

The article is divided into three sections: The first one is devoted to re-
call some basic concepts and results of Lie superalgebras, cohomology of Lie
superalgebras and quadratic Lie superalgebras. The second one gives a new
way to describe the cohomology group of quadratic Lie superalgebras by using
the super Z x Zs— Poisson bracket in the super-exterior algebra. The last
section computes the second cohomology group of all elementary quadratic Lie
superalgebras classified in [5].

All vector spaces considered in throughout the paper are finite-dimensional
complex vector spaces.

1 Cohomology of Lie Superalgebras and
Quadratic Lie Superalgebras

In this section, we recall some preliminary concepts and basic results which
will be used later. For details we refer the reader to the paper [6] of D.B.Fuchs,
D.A Leites and the paper [11] of G. Pinczon, R. Ushirobira.

1.1 Lie Superalgebras and Cohomology

Definition 1.1.1. A Lie superalgebra g is a Zy—graded vector space g = gg®D gt
endowed with a Lie super bracket [.,.] that satisfies the following conditions:

(i) The Lie super bracket [.,.] is bilinear and [g, §y] C gzty (grading);
(ii) [X,Y] = —=(=1)*[Y, X] (skew-supersymmetry);

(i) (—1)**[[X,Y], Z] + (=)™ [[Y, 2], X]| + (-1)¥* [[Z, X], Y] = O (super Ja-
cobi identity)
forall z,y,2 € Zo, X € g,,Y €9y, Z € g..

Definition 1.1.2. Let g = gg® g7 be a Lie superalgebra. Denote by Alt(gg, C)
the algebra of alternating multilinear forms on gg and by Sym(gt, C) the al-
gebra of symmetric multilinear forms on gy. We define a Z x Zg-gradation on
Alt(gg, C) and on Sym(gg, C) by

Al (g5, C) = Alt' (g5, C), AltD (g5, C) = {0}
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and _ =
Sym'>") (g7, C) = Sym’ (g7, C), Sym7) (g7, C) = {0}

where i, j € Z; i,j € Za are respectively the residue classes modulo 2 of i, j
and ¢ # j. The super-exterior algebra of g is

C(g,C) = Alt(gg, C) ® Sym(gz, C)
endowed with the super-exterior product on C(g, C) defined by
QRF)AQ @F) =D/ (QAQ)® FF,
for all
Q € Alt(gg,C), 2 € Alt* (g5, C), F € Sym! (g1, C), F' € Sym(gy, C).

Remark that C(g,C) is a Z x Zs—graded algebra. More precisely, in terms
of Z—gradation, one has

C"(g,C)= & (Alt™(gg,C)® Sym™ ™ (g1, C)),C%g,C) =C,

m=0

and in terms of Zs—gradation,

Co(a,©) = Alt(a ©) & 2, 5y a1,
JZ

and Ct(g, C) = Alt(g5,C) ® ( © Symm* 1 (gs, C)) :
Jj=0

Definition 1.1.3. Denote by End(C(g,C)) the space of endomorphisms on
C(g,C). A homogeneous endomorphism D € End(C(g,C)) of degree (n,d) is
called a superderivation of C(g,C) if it satisfies the following condition:

D(ANA") = D(A) A A"+ (=1)" TP A A D(A)
for all A € C(@?)(g,C) and A’ € C(g, C).

Denote by Der’(C(g,C)) the space of superderivations of degree (n,d) of
C(g,C). Then we have a Z X Zy—gradation of the space of superderivations of
C(g,C):

Der(C(g,C))= @&  Derg(C(g,C)).
(n,d)ELXZs
Example 1.1.4. Let X € g, be a homogeneous element in g of degree z and
define the endomorphism iy of C(g, C) by

ix(A) (X1, Xao1) = (1) A(X, X1, ..., Xa_1)
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for all A € C(@?)(g,C); X1,...,X,_1 € g. Then
ix(ANA) =ix(A)ANA 4+ (=1)" P A N iy (A)

for all A € C(*)(g,C), A’ € C(g,C). It means that ix is a superderivation of
degree (—1,z).
Given k > 0, the differential operator &, : C*(g,C) — C**l(g,C) is a
superderivation of degree (1,0) defined by
Opw (XOa .. 'an) -

STyt e ) (X X (X X X X X0
r<s

for all w € C*(g,C), Xo € gag,---, Xk € @a,, Where the sign X, indicates
that the element X, is omitted. It is easy to check that 6> = § o § = 0. By
convention, dy = 0.

An element w € C*(g, C) is called a k-cocycle if drw = 0 or a k-coboundary
if there exists ¢ € C*~1(g, C) such that w = §x_1¢.

We denote by Z*(g, C) the set of all k-cocycles and by B¥(g, C) the set of
all k-coboundaries. That is

Z%(g,C) = Kerdy, B*(g,C) = Iméj_,

. Clearly, B*(g,C) ¢ Z*(g,C). The quotient space Z*(g,C)/B*(g,C) is de-
noted by H*(g, C) and called the k -cohomology groups of g with trivial coeffi-
cients.

Definition 1.1.5. The dimension of the k-cohomology group H*(g, C) is called
the k-th Betti number of g and denoted by by (g).

Example 1.1.6. (see [2]) Let the Heisenberg Lie superalgebra
Bant1m = 05 07 = C{Z, X1, ..., Xp, Xni1, .., Xon} @ C{Y4,..., Yo}
with non-zero super brackets
(X, Xota) = Z,[Y;, Y] = Z,Vi=1,n,j =1 m

It is easy to compute that 60X} = 0Y =0, for all i = 1,2n,j =1, m and
* = * * 1 - * *
) WIS TR v
i=1 j=1
For the second cohomology group, we have

S(Z"ANw)=0Z"Nw—Z*"Ndw =0 w=0.
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Then

Z2(b2n+1,ma C) -
={XiAX X QY YY) i =1.2n,0 # Gk, L =T,m}

and

2

2n m m- +m

dim ZQ(b2n+17m, C)= ( 9 >+2n.m+m+( 2) =22 —n+2nm+

m?+m

That means b (h2nt1,m) = 2n — n+ 2nm + —1.

1.2 Quadratic Lie Superalgebras

Definition 1.2.1. Let g = g7 ® g7 be a Lie superalgebra. Assume that B is a
bilinear form defined on g such that it satisfies the following properties:

(i) B(X,Y)=(-1)"B(Y,X), VX € g,,Y € g, (supersymmetric);
(ii) B([X,Y],Z) = B(X,[Y, Z]) for all XY, Z € g (invariant);
(iii) B(X,Y) =0, VY € g implies X = 0 (non-degenerate).
The pair (g, B) is called a quadratic Lie superalgebra if B is even, that is
B(X,Y)=0;VX € g5 Y € g7.

In this case, it is easy to check that (gg, B |5 X g5) is a quadratic Lie algebra
and (g7, B |g; X 97) is a gg—module endowed with a symplectic structure.

Let (g, B), (¢/, B') be two quadratic Lie superalgebras. We say (g, B) and
(¢/, B') isometrically isomorphic (or i-isomorphic, for short) if there exists a
Lie superalgebra isomorphism A from g onto g’ satisfying

B (A(X),A(Y)) = B(X,Y),VX,Y € g.

Then A is called an i-isomorphism. We write (g, B) =~ (¢/, B).

Definition 1.2.2. Let (g, B) be a quadratic Lie superalgebra and S be a
graded ideal of g.

i) Qs called non-degenerate if the restriction of B to xS is non-degenerate.
)
Otherwise, we say S degenerate.

(ii) (g, B) is called irreducible if g does not have any non-degenerate graded
ideal excepting {0} and S.
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(iii) A non-degenerate ideal  is called irreducible if & does not have any
non-degenerate graded ideal excepting {0} and S.

(iv) Ideal S is called totally isotropic if B (S, ) = {0}.

The following proposition reduces the study of quadratic Lie superalgebras
to non-degenerate graded ideals.

Proposition 1.2.3 (see [1]). Let (g, B) be a quadratic Lie superalgebra and
3 be a graded ideal of g. Then S+ is also a graded ideal of g. In addition, if
S is non-degenerate then so is S, [S, 34 = {0} and SN SL = {0}. In this

1L
case, we denote g = IO I+, O

2 The Second Cohomology Group of Elemen-
tary Quadratic Lie Superalgebras

In this section, we will compute the second cohomology group of all elementary
quadratic Lie superalgebras classified in [5]. Firstly, we recall the concept of
the super Z x Zs— Poisson bracket on the super-exterior algebra of a quadratic
Lie superalgebra, which is used to give a new way of description of cohomology.

2.1 The Super Z x Zy;—Poisson Bracket on The Super-
exterior Algebra

Let g = g7 ® g1 be a Zy—graded vector space equipped with a non-degenerate

even supersymmetric bilinear form B. In this case, g7 is a symplectic vector

space. Hence, the dimension of g7 must be even and g is aslo called a quadratic

Zo—graded vector space. Now we recall the definition of the Poisson bracket

on Sym(gy) and the super-Poisson bracket on Alt(gg, C) which are used later.
Let {X1,...,Xn, Y1,...,Y,} be a Darboux basis of g7, i.e. we have

B(Xian) = B(Ka}/}) = OaB(XiaYYj) = 5U’

foralli,j = 1,n. Let {p1,...,Pn,q1,-- -, qn} beits dual basis. Then the algebra
Sym(gg, C) regarded as the polynomial algebra

C[pla"'apnaQD"'aQTL]

is equipped with the Poisson bracket as follows:

"~ (OF 0G  OF 0G
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For any X € g, let ix be the derivation of Alt(gg, C) defined by
[/X(Q)(Zla SRR Zk) = Q(Xa Zla SRR Zk)

for all Q € Alt*+1(g5,C), X, Z1,..., Zk € g5,k > 0 and 1x (1) = 0.
Let {Z1,...,Zn} be a fixed orthonormal basis of g5. The super-Poisson
bracket on Alt(gg, C) is defined by (see [11]):

{Q,Q} = (=1)++! Z 12,() Az, (Q),YQ € Altk (g5,C), Q' € Alt(gg, C).

The super Z x Zo—Poisson bracket on C(g,C) is given by:
Qe F9 oG =(-1)Y {09} FG+QAQ @ {F,G)})
for any Q € Alt(gg, C), ¥ € Alt (g5, C), F € Sym/ (g1, C), and G € Sym(gy, C).

Proposition 2.1.1 (see [5], [11]). The algebra C(g,C) is a graded Lie al-
gebra with the super 7 X Zo— Poisson bracket. More precisely, for all A €
Cad)(g,C), A € C@Y)(g,C) and A" € C(g,C), one has

(i) {4/, A} = —(=1)°" ¥ {4, A4},

(i) {{A, A}, A"} = {A {A A"}} = (—1) PP (A {4, A7)}
Furthermore, {A, A’ N A"} = {A, A’} N A" + (—1)29"+00" AT A { A, A"}, O
Now, we choose an arbitrary basis {Xal, .. .,Xgl} of gg. Its dual basis is

denoted by {aq,...,am}. Let {Yal, ) ..,Yam} be the basis of gy defined by
a; = B(Y{,.). That means

B(Yl —) =0;5; Vi,j=1,.

Set {XTl, L XEYE L .,YT"} be a Darboux basis of g7. Then the super Z x
Zo—Poisson bracket on C(g, C) is also given by

(LAY = (DY B YD) xe(A) A g (4)

1,7=1

) i (‘X’“ ) A Ly (A) - Ly (4) A LXk (A/))a

k=1

for all A € Alt*(gg, C) ® Sym/ (g7,C), A’ € C(g, C) (see [5]).
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Remark 2.1.2. In [5], the authors introduced a useful tool. That was the
3-form I defined on any quadratic Lie superalgebra (g, B) as follows

I(X,Y,2)=B(X,Y].2),VX,Y.Z € g.

This 3-form is called the 3-form associated to g. It is easy to prove that I is the
homogeneous element of degree (3,0) in the Z x Zo—graded algebra C(g, C) =
Alt(gy,C) @ Sym(gy,C), {I,I} = 0 and § = —{I,.} (see [5], Proposition
1.11). Using this proposition, the cohomology group H* (g, C) can be computed
through the super Z x Zs—Poisson bracket.

2.2 The Elementary Quadratic Lie Superalgebras

The main result of the paper is the description of the second cohomology group
of elementary quadratic Lie superalgebras which have classified in [5]. Before
giving the main result, we will list the elementary quadratic Lie superalgebras
in [5]. There are exactly three superalgebras as follows.

(1) gi1 = (CX5 @ CY;) © (CX7 @ CY7), where
gg = span{ Xy, Y5}, o7 = span{ X1, Y1}.
The bilinear form B is defined by
B(X5,Y5) =1, B(Xg, Y1) =1,
the others are zero and the Lie super bracket is given by
(Y1, Yq] = —2X5, [Y5, Yi] = —2X7.
(2) 932 = (CX5® CYp) @ (CX7 @ CYy), where
gg = span{ Xy, Y5}, o7 = span{ X1, Y1}.
The bilinear form B is defined by
B(Xg,Yg) =1, B(X3,¥7) = 1,
the others are zero and the Lie super bracket is given by
(X7, Y] = X5, [Yg, X3] = X7, [Y5, 7] = —¥7.
(3) g8 = (CX5 & CYy) @ (CXy @ CYy @ CZ7 @ CIy), where
go = span{Xg, Y5}, o1 = span{ Xy, Y7, Z7, Tt}
The bilinear form B is defined by
B (X5, Y5) =1, B(Xy, 47) = 1, B(Yg, T7) = 1,
the others are zero and the Lie super bracket is given by

(727, T7] = — X5, [Y5, Z7] = = Y1, [Y5, T5] = — X71.
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2.3 The Main Result

Now we will introduce the main result of the paper. Namely, we will describe
the second cohomology group of the elementary quadratic Lie superalgebras
which have listed in Subsection 2.2.

Theorem 2.3.1. With notations being as above in Subsection 2.2, the second
cohomology group of the elementary quadratic Lie superalgebras are described
as follows

(i) H*(g;.,,C) = span { [Yg ® XT*} , [XT*YT* —2X2 A Yg} }
where { Xz, Y, X2, Y} is the dual basis of { X5, Y5, X1, Y1}
(i) H?(gj 2. C) = {0} .

@ )= { 1 03] o 0 5] () ()
iz =5 005 s 005

where
{Xa*,Ya*,XT*,Yf, 77, T3} is the dual basis of { Xg, Y, X1, Y7, Z7, Tt}

The Proof of Theorem 2.3.1

(i) Firstly, we consider gj; = (CX5® CY;) @ (CX7© CYy), where g5 =
span{ Xy, Y5}, 91 = span{ X7, Y1}.

In view of [5], the associated 3-form of gj ; is given as follows

* 2

By a straightforward computation, we obtain

2
. {I,Xg} - (Yf‘) : {I,Yg} —0, {I,XT*} — 2V @ V2

2
IY*} {I X*AY*}:Y&‘@(Y{) :

I,Xg Xz} :Xi(Y—*) +2XEAYE @ Y2

Ipe ®Y*} - —(Y_*) {1 Yz ®XT*} —0.

LYy @Y} =0 { (x2) }:4Y5®X;Y;.

{
{
{
{
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2 2
. {I, (v) } =0 {r.xpvz} =y e (vz)
Then we get
Imd, = span{(Yf‘)Q,Ya* ® Yf‘}

and
Kerdy = span {¥5' @ X3, Y5 @7, (0%)", X35 = 2Xz A V7 |
Therefore
H?(gji,,C) = Kerdy /ITmd,
=span { vz @ Xz|, [x3v7 - 2X2 A7 ]}
(ii) Next, we consider gj , = (CX5 ® CY5) @ (CX7 @ CY7), where
g5 = span{Xg, Y5}, o1 = span{ Xz, Y1}.

From [5], we obtain the associated 3-form I = Yz' ® X7Y7". By a similar
computation as above, we have

Kerds = Imdy = span {XT*YT*, Ya* & XT*, Ya* & Yf‘} .
Therefore we get H?(g§ 5, C) = {0}.

(iii) Finally, we consider g = (CX7® CY;) @ (CX7@ CYy® CZ7 @ CTy),
where ga = SpCL?’L{Xa, Ya}, g7 = span{XT, YT’ ZT’ TT}

By a similar computation, we have
o I =Y ®Z:T Imé, = span {ZT*TT*,Ya* OTLY: ® ZT*} ;
o Kerdy =
* * * * * * * * * 2
= span {¥5 © X3, Y7 @Y7, Y5 © 23,7 o T, (%))
* 2 * * * * * * * * * *
(1), T, X325 = X5 A Y3 V2T = X5 A Y3 |
Therefore we get
H?(g§,C) = Kerda/Imé; =
* * * * * 2
= Spa”{[ya ® X7], Y5 @ ¥7], [(ZT) } )
1

(1)) (%325 - X5 A Y5], D5 T3 - X3 A 97 ]}

The proof is complete. g
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